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ABSTRACT. This paper advocates that power improvement based on the cross-fit variance es-
timator, proposed by Mikusheva and Sun (2022), is generally applicable to other econometric
inference problems, where the statistics of interest are constructed by quadratic forms. We con-
sider consistent specification testing for regression models, overidentifying restriction testing for
linear instrumental variable regression models with many weak instruments, and parameter hy-
pothesis testing with many weak instruments, develop the cross-fit variance estimators for those
test statistics, and show that the resulting test statistics exhibit improved power properties.

Numerical examples illustrate attractive finite sample properties of our cross-fitting approach.

1. INTRODUCTION

In a seminal paper, Newey and Robins (2018) introduced the cross-fitting approach to estimate
functionals of nuisance functions, which cover various semiparametric econometric problems, to
achieve faster remainder rates. Their key idea is to estimate the nuisance functions by using
leave-one-out estimators, which eliminates “own observation” bias components contained in the
conventional plug-in semiparametric estimators. Kline, Saggio and Sglvsten (2020) employed
the cross-fitting approach to estimate quadratic forms of slope parameters for regression models
with unrestricted heteroskedasticity, and showed that their cross-fit estimator exhibits excellent
theoretical and finite sample properties even when the number of regressors grows in proportion to
the number of observations. In a recent insightful paper, Mikusheva and Sun (2022) adopted the
cross-fitting approach to estimate a variance component for their Anderson-Rubin type statistic
to conduct inference on structural parameters in linear instrumental variable regression models
with many weak instruments. Notable findings by Mikusheva and Sun (2022) are that the “own
observation” bias term will inflate the limit of the conventional variance component under the
alternative hypothesis and that their cross-fit variance estimator can circumvent such inflated
variance to improve power properties of their Anderson-Rubin type test.

This paper advocates that Mikusheva and Sun’s (2022) idea of power improvement by the
cross-fit variance estimator is generally applicable to other econometric inference problems, where
the statistics of interest are constructed by quadratic forms. In particular, we consider (i)
consistent specification testing for regression models, (ii) overidentifying restriction testing for
linear instrumental variable regression models with many weak instruments, and (iii) parameter

hypothesis testing with many weak instruments, develop the cross-fit variance estimators for



those test statistics, and show that the resulting test statistics exhibit improved power properties.
For (i) and (ii), we consider the test statistics by Sun and Li (2006) and Chao et al. (2014),
respectively, and conduct analogous bias corrections as Kline, Saggio and Sglvsten (2020) and
Mikusheva and Sun (2022). For (iii), which is also studied by Mikusheva and Sun (2022), we
consider the jackknife Lagrange multiplier (JLM) test statistic by Matsushita and Otsu (2022).
Indeed, due to its more complicated form, the bias correction approach by Mikusheva and Sun
(2022) is not directly applicable, and we develop an alternative cross-fit variance estimator by
introducing an additional leave-one-out operation.

This paper is organized as follows. Section 2 studies the cross-fit variance estimation for
specification testing. In Section 3, we consider instrumental variable regression with many weak
instruments for testing overidentifying restrictions (Section 3.1) and parameter hypothesis testing

(Section 3.2). Sections 4 and 5 illustrate finite sample properties of our cross-fitting approach.

2. SPECIFICATION TEST FOR REGRESSION MODEL

We first consider consistent specification testing of regression models. Let {y;,x;} ; be a
random sample of (y,z) € R x RE. We wish to test whether the linear regression model is
correctly specified:

Hy : P{E[y|z] =z} =1 for some 7y € T,

against Hy : Hy is false. This section considers a consistent specification test proposed by Sun
and Li (2006), which is a modified version of Hong and White (1995) to avoid a non-zero centering
term. Let b(x) be a K-dimensional vector of basis functions of z € R, where G is fixed but
K = K, grows with the sample size n. Define an n x K matrix B = (b(x1),...,b(x,))" and
P = B(B'B)"!B’ whose (i, j)-th element is denoted by P;;. Let 4 be a consistent estimator of
vo under Hy (typically the OLS estimator) and 4; = y; — 4'z; be the residual. The specification
test statistic by Sun and Li (2006) is written as

K250 5 Pyt
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where V is an estimator of the variance V(K ~1/2 Sy > jzi Pijtitiy) of the numerator defined

o 2% 2222
V=1 > Phaia.
i=1 ji
This test statistic is constructed based on the fact that EleE[e|z]] > 0 for e = y — Ely|z]

with equality holding if and only if Hy is true. The numerator of 7' is a sample analog of

T— (2.1)

as

EleE[e|z]] using a series estimator for the conditional mean Ele|z]. Sun and Li (2006) showed
that T % N(0,1) under Hy, and T 2 400 under H;. Moreover, they established the consistency
of the variance estimator V — V' 2 0 under Hy, where V = 250, D it P%E[eﬂa:z]]E[e?\xj]
The naive variance estimator V' is a natural sample counterpart for the population target V'
under the null hypothesis because e; = y; — v\x; under Hy. However, using 1% may cause some
loss in the power property. To see this point, suppose 4 converges in probability to a pseudo

true value v, under Hy, and the conditional mean 0y(x) = E[y|x] is well approximated by a basis



expansion o/,b(z) for the projection coefficients a, = E[b(x)b(x)'| "'E[b(x)y]. The residual 4; can
be decomposed as
i; = Ai + e + pi,

where A; = o b(x;) — iz is a drift component under the alternative Hy, e; = y; — Op(x;) is a
mean zero stochastic error, and p; = 0y(z;) — &Lb(z;) — (¥ — v+)'x; is an asymptotically negligible
component under suitable conditions. Based on this decomposition, the naive variance estimator
V is written as

ZZ (A + e+ pi)* (A + e+ pj)?,

i=1 j#i
which involves a term of order up to O, ( S ot Pfj A? A?) Under global misspecification
with larger values of A;’s, this positive bias term in V tends to be large, and the power of Sun and
Li’s (2006) test using T will deteriorate. One way to reduce this bias component is to employ
a cross-fitting approach introduced by Newey and Robins (2018), Kline, Saggio and Sglvsten
(2020), and Mikusheva and Sun (2022). In particular, we adapt Mikusheva and Sun’s (2022)
cross-fit variance estimator for a quadratic form with a double summation to the present setup.

Let M = I — P, M;; be the (i, j)-th element of M, and m; be the i-th column of M. We

propose to estimate the variance term V by the following cross-fit estimator:

where 4 = (41,...,%y). It should be noted that the matrices P and M are constructed by
the regressor matrix B for series estimation. The division by M;;M;; + ij is due to the
fact that E[e;(mje)e;j(mle)|X] = (M;; Mjj; + MZ)E[@?!xZ]E[eﬂx]] under independence of {e;}"

conditionally on X = (z1,...,x,)". The following theorem establishes consistency of Ve for V.

Theorem 1. Consider the setup of this section. Assume that (i) for every K, there is a nonsin-
gular matriz @Q such that the smallest eigenvalue of E[Qb(x)b(x)'Q’] is bounded away from zero
uniformly in K, (ii) there is a sequence of constants {Cx } satisfying sup,cpra ||b(z)|| < (x for all
K such that (3 K/n — 0 and K — oo asn — oo, (iii) {y;, x;}1, is @id and E[||(y:, z:)||°] <
(iv) {e;}1y is mutually independent conditional on X, and (v) 4 —v0 = Op(n~Y?) under Ho.
Then under Hy,
Vi —V 5 0.

Assumptions (i) and (ii) are standard assumptions employed by Sun and Li (2006) as well.
Sun and Li (2006) required that the fourth conditional moment is bounded, but Assumption (iii)
imposes a higher moment condition due to cross-fitting. The mutual independence in Assumption
(iv) is needed for the cross-fitting E[e; (mje)e;(m]e)|X] to be valid as argued above. Assumption
(v) is satisfied with the OLS estimator, for example.

K Z?:l\/%# FPigtity d, N(0,1) under Hy, i.e., the both
statistics T and T¢s have the identical asymptotic null distribution. On the other hand, under the

This theorem guarantees that T.s =

alternative hypothesis, the variance estimators V and V¢ exhibit different asymptotic properties.



The rationale of our variance estimator ch can be explained as follows. Consider again the
decomposition 4; = A; + e; + p; with A; = ab(x;) — v.2; under the alternative Hy. As far as
the basis functions b(z) contain z as a subvector, it holds m/A = 0 for A = (Ay,...,A,)’, and

the cross-fit variance estimator satisfies

;EjigiM+Mﬁ@ﬁwﬁmem+m»m%+q+mm¢@+mm
=1 joi

P2

i=1 Zj;éz mA Aj ) Therefore, when
iV

which only involves a term of order up to O, <I1< S

A;’s take larger values under Hy, ‘7Cf tends to be smaller than V and the associated test statistic

Ter is expected to be more powerful than T'.

3. STATISTICAL INFERENCE WITH MANY WEAK INSTRUMENTS

In this section, we redefine the notation and consider the instrumental variable regression

model:

yi = Bai+u,

€T; = H,Zi + v;, (31)
for i =1,...,n, where y; is a scalar dependent variable, x; is a G-dimensional vector of endoge-

nous regressors, z; is a K-dimensional vector of instruments, u; and v; are error terms, and [
and IT are G x 1 and K x G dimensional parameters, respectively. We are concerned with the
setup of many weak instruments, where II may decay with the sample size n and the number
of instruments K may grow with n (although we suppress dependence of IT and K on n). Let
Z=\(z21,...,2), P=2(2'Z)71Z', M = I — P, and P;; and M;; be the (i, 5)-th element of P
and M, respectively.

1. Overidentifying restriction test. We first study the overidentifying restriction test statis-
tic proposed by Chao et al. (2014):

Dty 2 Pijtiity
Vo

where 4; = y; — 8'x;, 8 is an estimator for 3, and

KZZWH

i=1 j#i

The form of the test statistic J is close to that of the specification test statistic 7" we saw in the

J = 1K,

previous section. Chao et al. (2014) showed that d is a consistent estimator for the variance
~ L e B — L 217 (4,21 4,2
component of the numerator in J, which is ® = £ >, >, PAE[W|E[u]].
Let m; be the i-th column of M. In this setup, we propose the following cross-fit variance
estimator for ®:

ZZMM gz ) 5 ()

i=1 j#i



This estimator is similar to the cross-fit variance estimator proposed by Mikusheva and Sun
(2022) for parameter hypotheses testing. In contrast to theirs, we need to use the residual
U = Y; — B’ z; instead of u; = y; — Sx; for the hypothetical value Sy to be tested.

The consistency of our cross-fit variance estimator ®.¢ is obtained as follows.

Theorem 2. Assume that (i) {u;,v;}]—, is a sequence of independent random wvariables with
mean zero, and {z}!_, is a non-random sequence, (ii) there exists a constant C such that
max; |[II'z]]? < C, max; E[|v;®] < C, and max; E[|u;|] < C, (iii) there exists a constant &
such that Py <6 < 1 for all i, and (iv) 35 3.
Then under the model in (3.1),
D — 0 5 0.

Assumptions (i) and (iii) are standard. Mikusheva and Sun (2022) do not impose max; [|II'z||> <
C', but we need this in Assumption (ii) because our statistic J involves an estimator B instead
of the fixed hypothetical value. Assumption (iv) is satisfied with the JIVE, HLIML, and HFUL
estimators by Hausman et al. (2012) under suitable conditions (see their Theorem 1).

To see how the cross-fitting works for CiJCf, notice that the residual is written by u; = (2/II +
v)A 4 u; with A = — $, and the variance estimator proposed by Chao et al. (2014) is written
as A .

== Z Z P2{(ZIL 4+ v) A + ug P{ (5T + v A + uy}?,
i=1 j#i
which involves a term of order up to O, ( Doy 2 b ( TIA)? (z}HA)2>. In contrast, our

proposed cross-fit variance estimator is written as

ZZ Mty a7z I A (VA HETE o) Acbug) om (VA+0)),
i=1 j#i
2
which involves a term of order up to O, <11( Dot Dk M“AZZ%(ZQHA)(,Z;HAO Notice that
A does not converge to 0 in probability under the alternative hypothesis of Chao et al. (2014).

If the degree of misspecification is large, which results in large |A|, ds tends to be smaller than

d. Hence the test statistic based on ®f is expected to be more powerful than J.

3.2. Parameter hypothesis test. We next consider the JLM test statistic by Matsushita and
Otsu (2022) for testing the parameter hypothesis Hy : § = b against H; : 8 # b, that is

S = (up P*X) T~ H(X' P*uy),

where ug = (uo1, - - -, on)’, woi = yi — z,b, P* is defined as P} = Pyjfor i # j and Pj; = 0 for all
17, and

n n
U =X'PSoPX +> Y wafuoiug P
i=1 j=1



with Yo = diag(u,,...,u3,). As shown in Matsushita and Otsu (2022), ¥ is a valid estimator
for the variance component

n

n
U= Z ]E[xiPikungkja:HZ] + Z Z E[xix;UOz’UOjPiQﬂZ]a
0.5,k ik, 7k i=1 j#i
to guarantee S LA XQG under Hy. It should be noted that the variance term ¥ takes a more
complicated form than the ones in the previous section or Mikusheva and Sun (2022), so it is
not trivial how to construct a cross-fit estimator for .

As an unbiased estimator of W, we propose the following cross-fit variance estimators

n

2 Uok Uk %2
Wern = > miPy Mo Pyja; + E Zx uoiuo; Py
.5,k sith,j#k i=1 j=1
n
gy = S wP MM p +§ 3 ”UOZUOJPz
, = .
@ e DT M Fij; I MMy
Z,j,k‘,’t#k,]#k‘ l 1 ]#’L

where o, = > ;1 Miiuor, ij Y peq My, and uoZ Em# M;puom. The difference be-
tween \I/Cfl and \I/Cfg is that \IICfQ has the “leave-one-out” cross-fit term ué] ), which does not
appear in Mikusheva and Sun’s (2022) cross-fit variance estimator for their heteroskedasticity
robust Anderson-Rubin type statistic. Indeed a “usual” cross-fit estimator using @; instead of
H(()Z) is biased because the moments of vfu%j remain for ¢ # j. Our leave-one-out cross-fitting
successfully removes these terms, and ensures Wt 2 to be unbiased.

As shown in Appendix C, our cross-fit estimators ‘ijcﬁl and \iicfg are unbiased:
E[Uet1|Z) = E[U0]Z] = ©. (3.2)
Also by adapting the argument in Matsushita and Otsu (2022), we can show that for ¢ = 1,2,

* T * d
Set.q = (ugP* X)L (X' Prug) = x&,

cf,q

under Hj.
To see how the cross-fitting works for \ilcf’l, notice that we can write ug; = z,IIA + 1;, where
n; = u;+v;A under the alternative Hy : § = b+A. Then the first term of the variance component

of S can be written as .

Z E[CE,PZ]C(Z’]/CHA + T]k)zpkj:L’HZ].
4,3,k 17k, g7k
On the other hand, the first term of the conditional mean E[W ¢ 1]Z] for our cross-fit estimator

is characterized as
n

Z E [:L‘ZPank(zéHA + nk)ij«T;" Z] .
Zvj7k7l;ék7]7ék
Then by the similar argument as we saw in the previous sections, when A;’s take larger values
under Hq, \i/CfJ tends to be smaller than ¥ and the resulting test statistic Sgt is expected to be

more powerful than S. Similar comments apply to \i’cf’g.



4. SIMULATION

4.1. Specification testing. We first consider specification testing discussed in Section 2. Based

on Tripathi and Kitamura (2003), we consider two data generating processes

DGP 1:y; = Bo + frx; + uy,

DGP 2:y; = By + fra; + —2.5)%) +u;,

\/% exp(—(z;

where By = 1 = 1, logz; ~ N(0,1) with 5% upper tail truncation, and the structural error w;

is specified as u; = &; \/0.1 +0.2x; + 0.3:1:? with €; ~ N(0, 1) independently from z;. The linear
regression model is correctly specified under DGP 1 and misspecified under DGP 2, where we
control the magnitude of misspecification by the value of ¢. The sample size is set as n = 400.
We employ cubic splines as basis functions b(z), and its dimension is set to K = [n!/?] = 8. We
focus on the rejection frequencies at a nominal 5% significance level of Sun and Li’s (2006) test
statistic T in (2.1) and our proposed statistic Ty, which replaces V in (2.1) with the cross-fit
variance estimator V. The number of Monte Carlo replications in each experiment is 1000.
The null rejection frequencies for T and Ty are 3.1% and 4.5%, respectively under DGP 1.
We investigate the power properties using DGP 2, and the results are reported in Table 1. This

table shows that T,¢ is more powerful than T for different values of c.

TABLE 1. Estimated powers under DGP 2

Cc T ch

1.5 9.5% 12.0%
2.0 19.7% 23.9%
2.5 33.3% 35.4%
3.0 47.4% 49.7%
3.5 64.5% 65.5%
4.0 80.5% 81.0%

4.2. Structural parameter hypothesis testing. We next consider parameter hypothesis test-
ing on a structural parameter in an instrumental variable regression model discussed in Section
3.2. We mostly follow the simulation design by Matsushita and Otsu (2022). The data generating

process is specified as
yi = Bri+w,
/
T = z;T+ v,

where 7 = (d,...,d)" and z; = (214, 2%;, 23;, 25;)" with 21; ~ N(0,1) and z9; ~ N(0,Ix_4). The

error term is generated by
(ui, vi) = (14 ¢za11)e1i, pui + /1 — pPe;),

where £1; and e9; are independently drawn from N(0,1). We set n = 200 for the sample size in
all cases, and set =7 =1, p=0.2, and ¢ = 0.2. Note that the error terms are heteroskedastic.
The number of instruments is K = 30. For each Monte Carlo replication, we set the value of d

to fix the value of the concentration parameter §% = ‘7;/5" (Z;’S For each concentration parameter




value 62 = 60, 30, and 10, we calculate the powers of the tests for (i) the heteroskedasticity robust
version of Anderson-Rubin type test with the naive variance estimator (AR), (ii) the AR test
with the cross-fit variance estimator by Mikusheva and Sun (2022) (cross-AR), (iii) the jackknife
Lagrange multiplier test by Matsushita and Otsu (2022) (JLM), and (iv) the JLM test with the
proposed cross-fit variance estimators \i’cf,l and \ilcf,Q (cross-JLM and cross-JLM*| respectively).
The number of Monte Carlo replications in each experiment is 1000.

Figures 4.1-4.3 display the power curves at the nominal 5% significance level. From these
figures, we find that: (i) cross-JLM and cross-JLM* carry the same feature of JLM’s power
improvement for small |A| compared with cross-AR, (ii) cross-JLM and cross-JLM* improve
the power property of JLM not only for large values of |A| but also for small |A| as shown in
Figures 4.2 and 4.3, (iii) when identification is strong or moderate, cross-JLM and cross-JLM*
outperform other methods in terms of local power as shown in Figures 4.1 and 4.2, and (iv)
the leave-one-out cross-fit feature of cross-JLM™ does not exhibit significant improvement from
cross-JLM.

These results for the power properties naturally lead to the question whether the test inversion
of cross-JLM yields a shorter confidence interval. We compare the coverage probability and
median length of the confidence intervals based on cross-AR, JLM, and cross-JLM in Table
4.2. “Infinite CI” reports the frequency that the length of the confidence interval exceeds the
predetermined length, 10. From Table 4.2, we find that (i) cross-JLM tends to have the shorter
confidence interval than the other two when the identification is strong or moderate, and (ii)
cross-AR exhibits fewer infinite-length confidence intervals than the other two due to its excellent

power performance for the distant alternatives.

FIGURE 4.1. Power curves: 62 = 60.
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TABLE 2. Coverage probability and median length of confidence intervals
Coverage Median length Infinite CI

3% =60
cross-AR 97.8% 1.22 0.2%
JLM 95.4% 0.82 2.3%
cross-JLM  94.8% 0.75 0.5%
62 =30
cross-AR 96.7% 2.34 18.8%
JLM 96.2% 2.65 35.5%
cross-JLM  95.8% 1.75 26.9%
52 =10
cross-AR 98.4% 10.0 70.1%
JLM 98.5% 10.0 85.0%
cross-JLM  98.3% 10.0 80.0%

5. ILLUSTRATIONS BASED ON ANGRIST AND KRUEGER (1991)

Angrist and Krueger (1991) is a canonical empirical example of many instrumental variables,
where the returns to education are estimated by regressions of the log weekly wage on the year of
schooling with many instruments, such as the quarter of birth (QOB), year of birth (YOB), and
state of birth (SOB) dummy variables from the 1980 US census of 329,509 men born in 1930-39.
To assess performance of the proposed cross-fit JLM test in a more empirically relevant setting,
we conduct another simulation study that preserves the structure of Angrist and Krueger’s (1991)
data considered by Angrist and Frandsen (2022) and Mikusheva and Sun (2022). For a detailed
description of this simulation exercise, see Mikusheva and Sun (2022, pp.2684-2685).

First we investigate power properties of cross-AR, JLM, and cross-JLM. To vary identification
strength, we vary the sample size of the simulated data to be 1.5%, 1%, and 0.5% of the original
sample size, which correspond to strong, moderate, and weak identification, respectively, as
noted by Mikusheva and Sun (2022). We also allow that the number of available instruments to
vary according to the simulated sample size. The number of Monte Carlo replications in each
experiment is 1000. Figures 5.1-5.3 display the power curves at the nominal 5% significance
level. We find similar patterns as in the previous simple Monte Carlo exercise: (i) cross-JLM
carries the same feature of JLM’s power improvement for small |A| compared with cross-AR, (ii)
cross-JLM improves the power property of JLM for large values of |A|, but the improvements
are small for small |A| as shown in 5.2 and 5.3.

Table 3 shows the results for the confidence intervals. We find that (i) in terms of the median
lengths, JLM and cross-JL.M have much shorter confidence intervals than cross-AR, but (ii) cross-
AR exhibits fewer infinite-length confidence intervals than the other two due to its excellent power
performance for the distant alternatives. Our results suggest that the proposed cross-JLM test

can be a useful complement to the existing cross-AR by Mikusheva and Sun (2022).

10



FI1GURE 5.1. Power curves under the setting of simulation design by AF22
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FI1GURE 5.3. Power curves under the setting of simulation design by AF22
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TABLE 3. Coverage probability and median length of confidence intervals
Coverage Median length Infinite CI
n =4923, k = 154

cross-AR 95.0% 1.14 0.1%

JLM 95.7% 0.61 1.1%

cross-JLM  94.9% 0.60 0.7%
n = 3209, k =135

cross-AR 97.5% 1.61 11.7%

JLM 96.4% 1.08 20.0%

cross-JLM  96.0% 1.1 19.5%
n =1599, k =111

cross-AR 97.9% 9.95 50.0%

JLM 98.2% 10.0 65.5%

cross-JLM  97.1% 10.0 62.7%

We close this section with an empirical illustration for the original Angrist and Krueger’s (1991)
dataset. In Table 4, we apply cross-AR, JLM, and cross-JLM to construct the 95% confidence
sets using 180 and 1530 instruments as in Mikusheva and Sun (2022). In this application, the
confidence sets based on JLM and cross-JLM are narrower than those based on cross-AR. This
difference may be attributed to the better power property of the JLM and cross-JLM tests for
small values of |A| as illustrated in the simulation study above. In this illustration, the cross-JLM

confidence interval is slightly longer than the JLM confidence interval.

12



TABLE 4. 95% confidence interval using Angrist and Krueger (1991) data

cross-AR JLM cross-JLM
180 instruments  [0.008,0.201]  [0.067,0.133] [0.067,0.133]
1530 instruments [—0.047,0.202] [0.025,0.123] [0.013,0.124]

APPENDIX A. PROOF OF THEOREM 1

Hereafter C' means a generic positive constant. To simplify the presentation, we provide the

proof for the case of G =1 (i.e., x is scalar). Let e; = y; — E[y;|z;]. Under Hy, 4; is written as
U = yi — iy = zi(0 — ) + e,

and we have

{@(mia)H{a;(m}a)} = (yo —A) wi(mie)z;(mfe) + (vo — §)ei(mie;)a;(mie)
+(10 = Hei(mie)ej(mje) + e;(mie)e;(mie).
P2 __ P2 / :
Let P = W and X = (x1,...,zy,). Note that V can be written as

=% ZZPZE {ei(mie) Hej(mje)} X].

i=1 j#i

Thus, the estimation error can be decomposed as

V=V = K ZZP {ei(mie)ej(mje) — Elei(mie)e;(mje)| X}
i=1 j#i
2
+(v0 —4)? ZZ Sxi(mie)i(mie)
=1 j#i
+(% — ZZ {5'31 mie;)e;(mye) + ej(mie)zj(mie)}.
i=1 j#i

By Mikusheva and Sun (2022, Lemma 2), the first term is 0,(1). Since 4 — 79 = O,(n~/2) under

Hjy (Assumption (iv)), it is sufficient for the conclusion to show that

T = —ZZ “xi(mie)zi(mie) = op(n), (A1)
i=1 j#i

T, = — ZZPQ:L’Z mie;)e;(mye) = op(n1/2). (A.2)
i=1 j#i

We first show (A.1). Let ¢;; = zi(mje)zj(me). Then we have

E[T7] = ZZP4E ZZZ 2 P 61 dril X

i=1 j#i i=1 j#i k#i,j
ZZ Z Pk] ¢2J¢kJ’X + ZZ Z Z PklE ¢U¢kl|X]
i=1 j#i k#i,j i=1 j#i k#i,5 1#i,5,k

=: A; + Ay + Az + Ay

13



Note that ¢;; is decomposed as

Qbij = xifj(Miiijeiej + M”M”ef + M, M]] r + M 6163)

+xix; Z (MiiMjaeiea + M;jMjqejeq + MjjMigejeq + Miijeiea)
a#i,j

a1 Z Z Mo Mjpeqey
ai,j bi,j
= 0%+ Y + -
Assumption (iii) implies that E[(gb%)g | X] < Cxlzx? By applying the same argument as in Lemma
1 below, it holds that E[(¢>fj)2|X} and E[( fj)z\X] are bounded by Cw?:nj? Thus, we have
E[¢§j|X] < 0%%3
Let Amin(A) be the minimum eigenvalue of a matrix A. ]523 can be bounded as
P2 P2 P2

P2 = Y < *J , A3
Y MMy + MZ T (1= Py)(1 - J]) RREPA( _1B/B)C2 n-}? -

where the first inequality follows from the properties of the matrices P and M, and the second

inequality follows from

Py <M}

in (1 _IB'B)n max||b(:pl)||2<)\ (n _lB'B)n_le(, (A4)

min
by using Assumptions (i)-(ii). Furthermore, Mikusheva and Sun (2022, Lemma S1.3 (b)) implies

S Pt <303 Plaal < zx s

1=1 j#i i=1 j=1

Combining these results, A; is bounded as

4C

A < K2 {1_ I:lln( _1BB _1} 422 ij z j
1=1 j#i
< ZE — Mol (B B)GEn T ] = O(nK ),

where the first inequality follows from (A.3), the second inequality follows from (A.5), and the
equality follows from the Holder inequality and Assumptions (i)-(iii).
For As, the Cauchy-Schwarz inequality implies

|El¢ijdir| X]| < fox?

Also Mikusheva and Sun (2022, Lemmas S1.1 (iii) and S1.3 (e)) imply

znjzn:ZPQPZ z? <sz

i=1 j=1 k=1

14



By applying the same argument as Ay, we have
4y <2 ZE 1= AL (7 BB~ ] = O(nK ).

Similarly, we have A3 = O(nK™1).
For Ay, note that

El¢sjonl X] = E[(8% + 6% + 6) (o4 + oy + 65) 1 X]-

Since the indices in A4 are distinct, IE[ngj wlX] =0 for ¢ # r. Also we have E[¢];¢7[X] <
Clzjzjxpa| for s € {a,b,c}. By Mikusheva and Sun (2022, Lemma S1.3 (b)),

n n n o n n 2
ZZZZR‘%‘PI@QNMWIEMH < (fo) .

i=1 j=1 k=1 l=1 i=1

Combining these results yields

Ay = ZZZ Z 5 P {E0% 0| X] + Elo};00| X] + E[65;05| X1}

i=1 j#i k#i,5 l1#£i,5,k
< K2 ZZE{li r;un _lB B)< n 1} ~r ] O(’I’L2K_2).
i=1 j=1

Therefore, the Markov inequality yields Ty = Op(max{n'/2K~1, n'/2K=1/2 nK=11) and As-
sumption (ii) guarantees (A.1).
We next show (A.2). Let ;; = z;(mje)ej(m}e). Then we have

E[Tg] = ZZP4E¢Z]|X + ZZ 1/]1]¢]Z|X]

=1 j#i i=1 j#i
B ZZ > BAPREWvalX)| + 2 E (53 S P2 ARl vl X
| i=1 j#i i, i=1 j#i l#1,j
+%E ZZ > P2 PRk X] +—IE ZZ > PLBLERijes| X
| =1 j#i k#ig i=1 j#i k#i,j
ok S S R A
| i=1 j#i k#i,j 1#i,5,k

= C1+Cy+Cs5+Cy+Cs5+ Cg+ Cr.
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Note that v;; is decomposed as
wij = a:iej(Miiijeiej + M“Mmef + M; MJJ A + M ezej)

+x;€5 Z (MiiMjaeiea + M;jMjqejeq + MjjMigejeq + MijMiaeiea)
a#i,j

+zie; Z Z Mo Mjpeqer
ai,j b#i,j
=1+ U + 0.

Assumption (iii) implies that E[(¢%)2|X ] < Cz?. By applying the same argument as in Lemma
1 below, it holds that E[(?[}fj)2|X] and E[( icj)z\X] are bounded by Cz?. Thus, we have

2 2
E[y;;1X] < Cuj.

Furthermore, Mikusheva and Sun (2022, Lemma S1.3 (a)) implies

Y Pl < VES o
=1

i=1 j=1

Combining these results with (A.4), C; is bounded as

Cl < {1_ mln( 71BB 71} 42213;.17 7'2

i=1 j#i

IIllIl(

20 g 1, _ _
< ﬁ\/?ZE[{l - 'B'B)¢En '} 22 = O(nK—3/?).
i=1
For (', notice that the Cauchy-Schwarz inequality implies

|E[vi¢5:| X]| < Claiz;l.

Also Mikusheva and Sun (2022, Lemma S1.3 (b)) implies

n n n
4 2
> > Phlaws| <Y ot
i=1

i=1 j=1

By applying the same argument as C7, we have

2C _ _ _
Cy < EE {1_)\m1n( lBB 1} 422 |$l$]’
=1 j=1
< ZE ~ A (0T B'B)Cn T ] = O(nK ).

For ('3, notice that the Cauchy-Schwarz inequality implies

[E[yijvu| X]| < Ca?,

16



and we also have
anzn:ZPQP :1:2 < KZ:L’
i=1 j=1 I=1

Combining these results, Cs is bounded as

O3 < 201@7 {1-X L (n'B'B)¢in 1} 4222132133@2

=1 j#i l#i,j

< ZE — AL TIB'B) G 2 = O(nK Y.

For C4, the Cauchy-Schwarz inequality implies
i X]| < Claias],
and Mikusheva and Sun (2022, Lemma S1.3 (b)) implies

n n n n
i=1

i=1 j=1 I=1

Combining these results, Cy4 is bounded as

2C _ _
€< x| -2 0 BB Y Y Y PR Py
i=1 j#i 1,5
ZE — Ak (0T B’ B)CEn T ] = O(nK ).
For (5, the Cauchy-Schwarz inequality implies
|E[thijthr| X]| < Claizyl,
and Mikusheva and Sun (2022, Lemma S1.3 (e)) implies
n n n n
YD PEPwillek] < VK Y a?.
i=1 j=1 k=1 i=1
Combining these results, C5 is bounded as
Cs < E {1 - A h(n ' B'B)CEn ™'}~ 422 > PLP}|xy
i=1 j#i k#i,j
2C -
< ﬁ\/I?ZE[ — AL (0T B'B) Ry ) = O(nK 3%,
i=1

For (g, the Cauchy-Schwarz inequality implies

[Elijiong | X1 < (B[ XD 2B | X])? < Clasaal,

17



and Mikusheva and Sun (2022, Lemma S1.3 (e)) implies

ZZZ % Py < KZx

i=1 j=1 k=1 =1

Combining these results, Cg is bounded as

20 1, - _
06 S K2 {1_ m1n( IBB 1} 4222 P]?]|$Z||.Ik’

i=1 j=1 k=1
< ZE{l— (T BB) G e = O(nK ),
For Cv, note that

E[ijibr|X] = E[(0§; + 08 + v§) (g + iy + )| X].

Since the indices in C7 are distinct, E[y{j1p,|X] = 0 for ¢ # r. Also we have E[¢5;07,|X] =
Clz;zg| for s € {a,b,c}. Applying Mikusheva and Sun (2022, Lemma S1.3 (a)) twice yields

n n
SN Y PRRAman] <Ky at
i=1 j#i k.5 14,5,k i1

Combining these results, we have

Cr = ﬁE ZZ Z Z Pkl{E wwwkl‘X] + E[¢%g¢kl|X] + E[wwwk”X]}

z 1 j#i k4,5 1#£4,5,k

2C _ _ _
= K2E SR URIIISER D $D DD DD DI T
1=1 j#i k#i,5 l1#£i,5,k
< ZE{l— Aok (07 B/ B) 1] = O(nk ).

Therefore, the Markov inequality yields Ty = Op(max{n'/2K=3/2 n'/2K~1 pl/2K~1/2}) and
Assumption (ii) guarantees (A.2).

Since (A.1) and (A.2) are verified, we obtain the conclusion.

APPENDIX B. PROOF OF THEOREM 2

The following lemma, an adaptation of Mikusheva and Sun (2022, Lemma 2), is used in our

proof.

Lemma 1. Suppose that & = (51-(1), 552),51(3))’ fori=1,...,n are independent mean zero random
vectors with max; E|&|% < C. Let n;; = {{i(l)(m;§(2))}{§§-1)(m3§(3))}, where m; is the i-th column
of M. Then

H;ng[n?j] <O, max[Efgmil| < s,

for some finite constants C and Cs.
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Proof of Lemma 1: Notice that 7;; can be decomposed into 7;; = Ay ;; + A2j + Az 5, where

Am=AM%Wéé¥MMM¢%%% HM%NW&£+M%%%%@

J

Avyy = €W ST {MuMEPER) + MigMiae D€l + My Mige P e + Mg Mo V€@,
a#i,j

Asij = 5,-(1)5](-1) Z Z Mianbf((zQ)féS)
atiyj bi,j

For the first statement, it suffices to show that max; ; E[AZ , ] is bounded for each s = 1,2, 3. The
moment condition max; E|&;|® < C implies that max; ; E[43 U] is bounded. From the proof of

Mikusheva and Sun (2022, Lemma 2), we have boundedness of max; ; IE[A%Z ;] and max; ; E[A2 il

szg}

Therefore, the first statement follows. The second statement follows from the Cauchy-Schwarz

inequality.

Proof of Theorem 2. For simplicity, we present the proof for the case of G = 1. Let 155 =

2

¥ )

Wjﬂwg, = (u1,...,up),and v = (vy,...,v,)". Since ® = =31 >t ﬁfJE[uz(mlu)’uj(mzu)]

by Mikusheva and Sun (2022), & — ® can be decomposed as

Pp—® = — Z Z [{us(mjuw)u; (miu) — Elu;(miu)ug(mju)]}

1=1 j#i

(B ﬁ) xi(m); v)a:](mgv)

/

Fui (miv)us (mjv) + wi(miv)uj(miu) + ui(miu)a;(mjv)
(B = B){i(mlu)u (mfu) + s (mfu)a; (mu) + wa(miu)uy (m)o)}|

By Mikusheva and Sun (2022, Lemma 2), the first term of (B.1) satisfies

= ZZ {ul miu)ug(mju) — Elug(miu)uj(miu)]} = op(1).

i=1 j#i
It remains to show that the other terms of (B.1) are op(1). Hereafter, we present the proof for
the second term. The other terms are handled in the same manner.
Since 8 & B, it is sufficient to show
2

E Z D Pl | | =0(), (B.2)

=1 j#i

19



where ¢;; = z;zj(mjv)(mjv). From ¢;; = ¢j;, this can be decomposed as

2
E ZZ %1 = K222P4E Al +7222 % PLE i dri)
=1 j#i i=1 j#i i1=1 j#i k#i,j
T2 Z Z Z i PiiEloion;] + K2 Z Z Z Z 2 PAE (i dri]
=1 j#i k#i,j =1 jAi ki,j 170,45,k

=: A1+ As + Az + Ay.

Hereafter, C' means a generic constant. For A, the leading term of E| ZQJ] is E[{v;(m}v)v, (m;v)}z],

and Lemma 1 with n;; = v;(mjv)vj(m/v) implies max; ; E[{vi(mgv)vj(m;-v)}z] < C. Thus, we

obtain max; ; IE[(;%] < C. From Assumption (ii), we have

. p2. P2
P2 < < * B.
DS TSPy S G0 (B:3)

Therefore, the order of A; is

A 1_ QZZ zg—i(S)QZO(Kilx

i=1 j#i
where the first inequality follows from (B.3), and the second inequality follows from Chao et al.
(2012, Lemma B1 (i)).

Similarly, for As, the leading term of E[gj¢i] is E[{vi(mjv)vj(mjv)H{vi(mjv)vp(myv)}] is
bounded by Lemma 1 with n;; = vi(mjv)v;(miv) and 7y = vi(mjv)vg(mjv), which implies
max; j i |E[¢ijdir]| < C. Therefore, the order of Aj is

20 B
A?—Kg T3 4222 sz—i_(;y;:O(K Bl

i=1 j#i k#i,j
where the first inequality follows from (B.3), and the second inequality follows from Chao et al.
(2012, Lemma B1 (i)). We can show that A3 = O(K~!) in the same manner.
Finally, for A4, the leading term of E[¢;;¢x] is E[{vi(mjv)v;(mjv) Hok(mjv)v(mjv)}]. Let us

decompose {v;(m}v)v; (m;v)} = Byij + B2,j + Bs,i; as in Lemma 1, where

2
Byi; = Mqujvz vj —i—M”MUv vj —G—M”ijvjv —{—Mw ; ],
Bgﬂ*j = ;v Z MiiMjanUa + Miijavjva + ijMijva + MijMianUa)7
a#i,j
Bgﬂ;j = vl-vj Z Z Mianbvavb.
a1, b#i,j

Notice that Bs;; and B3 ;; are exactly the same as the terms appeared in the proof of Mikusheva
and Sun (2022, Lemma 2) (correspond to “As;;” and “Ag;;”, respectively, in their notation).
Since the indices in Ay are distinct, E[By;; By k] = 0 for ¢ # r. Also |E[B1,;B1 ]| < C by the

moment condition. Combining these results, we have

e ZZ > > PAPA(E[A1iArm] + E[Agij Ao g + E[As ijAs]) = O(K ),
=1 j#i k#1,j 1#1,5,k
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where the orders of the last two terms are shown by Mikusheva and Sun (2022, Lemma 2).

APPENDIX C. PROOF OF UNBIASEDNESS OF \T/Cm AND \ijcf’Q IN (3.2)

Unbiasedness of \ilcm follows from that of \ilcf’Q. For the first term of \ilcf,Q, observe that

n
> E|nra 0 7]
/Lv.]7k7l?ék7.]7ék
n 2 n
M, My uguok
= Y E|aP 2 patzl+ Y E iy iz Moo Py Z
ey M, J ey M, J
i,9,k,i#k,j#k i,5,k,i#k,j#k
=0 because E[ug;ugr|Z]=0
n
= > ElwiPyudyPea)] 2),
ok k

where the first equality follows from the definition g, = >, ; Myug;. Thus, the (conditional)
expectation of the first term of Wt o coincides with the one of W.

For the second term of \ilcf .2, decompose

|35 e

| i=1 j#i
& . (D mti Mimuom)uo;
= E > ) (z+uw) (Z M (2,11 + %)) 7&;\4 i P3|z

| i=1 j#i k=1

- E ZZ(H,ZZ‘+U1 (Z kvk> Zm;é;w ;ﬂ\; Om) OJPz%‘ 7
(e ¥

| i=1 j#i

(D omezj Mimuom)uo; _,
=Ezz%zk@ T

=1 j#i

MZZUOZ)UOJ 2
= E ZZUZ Ji J M;; M Pl] Z
| =1 j#i i

Z . M; Uuo )’LL()'
+EZZMNJ il Z
| =1 j#i weag

TV
=0 because ugm,,can be isolated

VE|S Y (Y u Mﬁwwﬁz

| i=1 j#i k#j

=0 because ug;can be isolated

B |0 (30 My | ot o)t o

1
i=1 j#i  \k#j MiiMij ’
n
=: Z ZE[UiU;‘UOiUOjPZ%‘Z] + C
i=1 j#i
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where C = E [Z?:l D jti Vi (zk# Mjkv@ (Zm#x/lszz_mmmw Pfj Z}, the first equality follows
from the definitions of g, ;, and Z;, and the second and third equalities follow from E[ugy,,uo; |

Z] = 0 for m # j. Since the first term of the last line is identical to the second term of ¥, it
remains to show C' = 0. Finally, we have

n (zm;ﬁji Mimu(]m) UQj
’ 2
¢ = 2| Sy nonn )y
i=1 j#i 33
=0 because uojvcan be isolated
- (Zm;éji MimUOm) Uo;
FE 1D D v | 2 Myl o P2

i=1 j#i ki, R

=0 because v; and ug; can be isolated

= 0,

and we obtain (3.2).
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