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ABSTRACT. This paper studies optimal hypothesis testing for nonregular statistical models with
parameter-dependent support. We consider both one-sided and two-sided hypothesis testing
and develop asymptotically uniformly most powerful tests based on the likelihood ratio process.
The proposed one-sided test involves randomization to achieve asymptotic size control, some
tuning constant to avoid discontinuities in the limiting likelihood ratio process, and a user-
specified alternative hypothetical value to achieve the asymptotic optimality. Our two-sided test
becomes asymptotically uniformly most powerful without imposing further restrictions such as

unbiasedness. Simulation results illustrate desirable power properties of the proposed tests.

1. INTRODUCTION

This paper studies optimal hypothesis testing of a class of nonregular statistical models in
which the boundary of the support of the observed data depends on some parameter of interest.
Such nonregular models have been often applied in the statistics literature, and typically imply
discontinuous likelihood functions and nonstandard convergence rates of estimators. Classic
examples include Ibragimov and Hasminskii (1981, Chapter V) who conducted an asymptotic
analysis on univariate densities with jumps at an end point of parameter-dependent support, and
Cheng and Amin (1983) and Smith (1985) who studied properties of the maximum likelihood
estimator of parametric models with shifted origins. In contrast to most existing papers, this
paper focuses on optimal (composite) hypothesis testing for nonregular models instead of point
estimation.

For testing a simple null hypothesis against a simple alternative one, Neyman-Pearson’s fun-
damental lemma yields an optimal power property of the likelihood ratio test even for the case
of parameter-dependent support. However, such an optimality result is not available for general
testing problems, such as one-sided testing. On the other hand, for regular statistical models, it
is known that standard testing methods (such as the likelihood ratio, Wald, and score tests) can
achieve certain asymptotic optimal power properties for testing general composite hypotheses
(see, Chapter 15 of Lehmann and Romano, 2022). An open question is whether we can estab-
lish an analogous asymptotic optimality result for testing composite hypotheses on nonregular
parameters in the case of parameter-dependent support.

In this paper, we consider one-sided and two-sided hypothesis testing for parametric mod-
els with parameter-dependent support and develop an asymptotically uniformly most powerful
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(AUMP) test based on the likelihood ratio process, called the nonregular likelihood ratio (NLR)
test. Our construction of the one-sided test involves (i) certain randomization to achieve asymp-
totic size control, (ii) a tuning constant to avoid discontinuous points of the limiting likelihood
ratio process, and (iii) an alternative hypothetical value to evaluate the likelihood ratio, which
needs to be chosen to achieve the optimality. Moreover, we construct a two-sided NLR test that
attains the AUMP property without imposing further restrictions such as unbiasedness. Our
two-sided NLR test does not have randomization, and can be inverted to construct a confidence
set for the nonregular parameter. For clarity we first present the main results under a bench-
mark setup in Section 2, where there is no nuisance parameter. Then we extend our optimality
results for the NLR test to a general setup in Section 3 that involves nuisance parameters and
covariates. For the general case, we need some independent auxiliary sample to estimate the
nuisance parameters, which is typically obtained by sample splitting. Our simulation results in
Section 4 illustrate desirable power properties of the proposed NLR test.

In addition to the papers cited above, Hirano and Porter (2003) studied efficient point es-
timation of parameter-dependent support models by extending the limits of experiments argu-
ment, and showed that the Bayes estimator is asymptotically efficient under a minimax criterion
but the maximum likelihood estimator is generally inefficient. To the best of our knowledge,
this paper is the first one that studies optimal hypothesis testing for nonregular models with
parameter-dependent support. In contrast to the Bayes estimator in Hirano and Porter (2003)
that involves priors on parameters, our optimal testing methods are developed as modifications
of likelihood ratio statistics associated with randomization and a tuning constant to deal with
discontinuities in the likelihood ratio. Chernozhukov and Hong (2004) also investigated nonstan-
dard asymptotic properties of estimation and testing methods for parameter-dependent support
models. They established asymptotic optimality of the Bayes estimators in terms of the asymp-
totic average risk, and showed that the Wald test and Bayes posterior quantiles are valid for
inference. However, they did not discuss optimality of the testing methods. In our simulation
study, we demonstrate that the proposed NLR test exhibits higher power than the Wald type
test by Chernozhukov and Hong (2004). Severini (2004) studied higher-order approximations for
the likelihood ratio statistics of parameter-dependent support models. Fan et al. (2000) derived
the asymptotic distribution of the likelihood ratio statistic for some nonregular models whose

asymptotic distribution follows a gamma distribution.

2. BENCHMARK CASE

This section presents our main results for a simple nonregular model with a scalar parameter
and no covariate. This model, covering the uniform distribution as a canonical example, provides
a useful benchmark to highlight our developments. We propose one-sided tests for this model
and derive several asymptotic properties of these tests, including asymptotic uniform power
optimality.

Let Y € Y C R follow the parametric model

Y ~ fyl0){y > g(0)}, (1)



where I{-} is the indicator function, § € © C R is the true value of a scalar parameter, and
conditions on the functions f and g are specified below. For this model, we consider the one-

sided testing problem
Hop:0 =0y against H; :0 >0y (or H{ :6 < 6p), (2)

for a given 6y € ©. Hereafter we focus on the case of Vyg(p) > 0. The case of Vgg(hy) < 0
is analyzed in the same manner. Based on the reparametrization h = n(6 — 6p), this testing

problem is written as
Hyo:h=0 against H;" :h>0, (or H :h<0). (3)

We wish to test Hp based on an independent and identically distributed (iid) sample Y™ =
(Y1,...,Y,) of Y. Although our results can be easily extended to cover a more general reparametriza-
tion h = n(0 — 6y) + ¢, with ¢, = o(1), we focus on the case of (,, = 0 for simplicity.

Our testing procedure is constructed based on the likelihood ratio process. Since the joint
density of Y is written as

n

dPg(y") = Hya) = 9(0)} || £(v:10),

i=1
where Ya) = min{yi,...,yn}, the likelihood ratio process on a parameter space H C R is
dprr _
- L {Y) > g(6g + h/n (Y;|00 + R
Za(hih) = 08 (ymy = IV 2 900 4 /) Hf 6 + h/n)
APy n T Y = (60 + h/n)} 1L F(YVil60 + h/n)’

for h,h € H. To characterize asymptotic properties of this process, we impose the following

assumptions.

Assumption 1.
(i): {Yi}l is an iid sample of Y € Y C R with the Lebesque density in (1). The parameter
space © is conver.
(ii): f(y|@) is twice continuously differentiable in 0 for all y. In some open neighborhood
N of 6y, 0 < f(ylf) < oo uniformly iny and 8 € N, f(y|6) and Vof(y|6) are continuous
iny for0 e N, and

/ sup [V f(419)| Ly = 9(6)}dy < oo,
0eN

[ e Tt > o0 a0y < .

Vool WIO)| N
/Beelj)\f f(yl0) {y > g(0)} f(yl0)dy < .

g(0) is continuously differentiable in 6, Vgg(6p) > 0, and supgeps [|Vog(0)]| < oo.
Assumption 1 (i) is standard, and Assumption 1 (ii) contains smoothness and boundedness

conditions on the functions f and g in (1). By adapting Hirano and Porter (2003, Theorem 2) to

our setup, Assumption 1 guarantees weak convergence (denoted by “~~") of the likelihood ratio



process
{Zu(h. W) Yer = {2(h W) Yher = {e" 2Dy Yy under Py Lo, )
for every finite I C H, where A = {f(g(00)|00)Vgg(fo)}~! and

Dy = L{W, > B} with Wi, ~ fyr (w]h) = ie*@v*h)/w{w > h}.

Note that X is a known constant in the present setup. In contrast to the standard likelihood
ratio process, which is locally asymptotically normal, Z,(h, h) converges to a limit of experiment
whose randomness is given by the binary variable D), . This is due to lack of differentiability
in quadratic mean of the density dPg'(y"). Since Dy, j is discrete, the limiting likelihood ratio
process Z(h,h) is discontinuous in the sense that Pr{Z(h,h) < z} is not continuous at z = 0

and e(h=P)/A,

Thus, we cannot use the conventional asymptotic theory to evaluate asymptotic
size and power properties of testing procedures for Hy.

To overcome this difficulty, we propose the nonregular likelihood ratio (NLR) test that shifts
the rejection cutoff slightly above the discontinuous point. In particular, our testing procedure
for Hy : h = 0 against H;” : h > 0 (or H; : h < 0) is constructed by using the likelihood ratio
statistic Z,(0,h) combined with a suitably chosen h to achieve a certain power optimality and
rejection rule for controlling its asymptotic size. Hereafter we separately consider testing against
the alternatives H;" : h > 0 (Section 2.1) and H; : h < 0 (Section 2.2). Based on the one-sided

tests, we also propose a two-sided test against the alternative Hj : h # 0 (Section 2.3).

2.1. Test against H1+ :h > 0. We first consider testing Hp : h = 0 against Hfr :h > 0. In this

case, we choose some h > 0. Given the significance level a € (0, 1), our NLR test is defined as

1 if  Z,(0,h) > e 1+ ¢) or Yy < g(6o)
¢n(Y"|h,e) = {1 with probability ae®* if Z,(0,h) € [/ 1 —¢), 1 +¢)] , (5)
0 if  Z,(0,h) < A1 —¢)

for v < e /> with some ¢ € (0,1), and

1 if  Z,(0,h) > e"/*e or Y1) < g(o)
on(Y"|h,e) = {1 with probability =<2 i Z,,(0,h) € [~/ e, e/ e] . (6)
0 it Z,(0,h) < —eM*e

for « > e "> with some ¢ € (0,e ") (see Remark 3 below for the choice of ¢). Here
én(Y™|h,e) = 1 and 0 mean rejection and acceptance of Hy, respectively. When Y1) < g(bo),

the likelihood ratio Z,(0,h) is indeterminant, and we reject Hy by convention.

Remark 1. There are three key features of the construction of the NLR test. First, the test is
constructed for two categories, a < e~"/* and o > e=MA. This categorization comes from the
Neyman-Pearson test for the limiting one sample problem; see Remark 2. Second, the NLR test
involves randomization. Applied researchers who dislike the randomization results can simply
report the randomization probability instead of “flipping coin” to reject or accept. Third, the

NLR test requires a tuning constant e, which is introduced to avoid discontinuous points of the



limiting likelihood ratio process Z(h,h). Our simulation results in the supplement (Section B)

also confirm the importance of non-zero €. See Remark 3 below for a practical choice of €.

Let Ey[-] be the expectation under Pj'. The asymptotic properties of the NLR test are obtained

as follows.

Lemma 1. Suppose that Assumption 1 holds true with the (unknown) true local parameter value
h > 0. Then the NLR test in (5) and (6) with a user specified value h > 0 satisfies the following:
(i): It is of asymptotic level a (i.e., limsup,, Eg,[¢n(Y"|h,€)] < ).
(ii): Its asymptotic local power satisfies liminf, Egy i p/n[¢n(Y"|h,€)] > mp(h, h) for h >0,

where
" B) aemin{f.h}/A for a < e—h/A -
T\, = _h . = -
?‘::_;}xi + min{e("~M/* 1} 1_16__%“ for a > e~h/A

(iii): H(h) := 7L(h,h) attains power of the Neyman-Pearson test for testing HYY : W ~
fw (w|0) against HYY : W ~ fy (w|h). Moreover,
ael/A for a < e~/
II(h) =

1 for o > e /A

satisfies IL(h) > 7 (h, h) for any h,h > 0.

Remark 2. In the limiting one sample test for W (i.e., H}V against H}" in (iii)), the Neyman-

Pearson test is constructed as

;

1 it Z(h,h) > e"*Z(h,0)

1 with probability ae™> if Z(h,h) = e/ Z(h,0) for a < e P/
sy = )\ 0 it Z(h,h) < e"*Z(h,0)

1 it  Z(h,h) >0

1 with probability =<7 if  Z(h,h) =0 for o > e~h/

0 if Z(h,h) <0

The NLR test in (5) and (6) is a (smoothed) sample counterpart of this Neyman-Pearson test.

Note that Lemma 1 contains three local parameter values: the null hypothetical value 0, fixed
alternative value h chosen by users, and true local parameter value h generating the data. Lemma
1 (i) says that the NLR test achieves asymptotic size control, and Lemma 1 (ii) characterizes
a lower bound for the asymptotic local power of the NLR test. Furthermore, Lemma 1 (iii)
says that the NLR test is tangent to the power envelope at h = h. We note that the value
aeminthh} /X i (7) originates in the randomization. Thus, randomization is essential even in the
Neyman-Pearson test for H(I)/V against H}" because of the discreteness of the limiting likelihood
ratio.

To implement the NLR test, we need to choose h. To this end, we invert the envelope power
function II(h) with a fixed level a. This approach is also used in Elliott et al. (1996) for unit



root testing. For the case of o < e‘ﬁ/)‘, Lemma 1 (iii) suggests that h may be chosen to satisfy

7w = II(h) for a specified value of 7, that is
hT(7) = Mog (E) .
«
Indeed if we set m = 1 (i.e., At := h* (1) = —Alog ), then the NLR test ¢, (Y"|h*,e) achieves
an asymptotic optimal property in Definition 1 below, introduced by Choi et al. (1996). Since we
—h/A

can choose h to satisfy a < e , we can ignore the case of a > e ", Indeed, our simulation

in the supplement (Section B) suggests that the power decreases for large h with o > e~h/X,

Definition 1 (Asymptotically uniformly most powerful test). For testing Hy : 8 = 6y against
Hy: 0> 06y (or O < 6y or 0 # 6y), a sequence of tests {¢,} is called asymptotically uniformly
most powerful (AUMP) in H at asymptotic level « if limsup,, Eg,[¢n] < « and for any other
sequence of test functions {v,} satisfying lim sup,, Fyg,[¢n] < a,

limninf E00+h/n [an] > lim sup E90+h/n Wn]a

for every h > 0 (or h <0 or h # 0) in H.

Theorem 1. Suppose that Assumption 1 holds true with the true local parameter h > 0. The
NLR test ¢,,(Y™|hT,¢) is AUMP in H at level o for testing Hy : 0 = 6y against H;t : 0 > 6.

Based on Lemma 1 (ii) and (iii), we know that the NLR test is asymptotically most powerful
test when h = h, i.e., the true local parameter equals to what we choose. However, this choice
is infeasible since h is unknown. Theorem 1 says that if we choose h carefully (i.e., h = h*), the
NLR test becomes asymptotically uniformly most powerful.

The choice h = h7 is reasonable since AT attains the maximum of the power envelope function.
The simple reason why this choice is AUMP is that h = h* is at the end point of the region
a < e "X For the case a < e ™, the NLR test rejects on the region [¢"/*(1 + ¢),00) and
randomly reject with probability ae™ on the region [¢"/*(1—¢), e"*(14-¢)]. The choice h = h*
maximizes the rejection region since we reject with probability ael"/A =1 on the randomization
region, i.e., the randomization region becomes the rejection region. Hence, h = AT should attain

the power envelope as long as true data generating process occurs by h with e~h/X /A,

=a<e
Moreover, when true data generating process occurs by h with e /A= > e X e h>ht,
it is easier to reject Hp : h = 0 since the true parameter h is grater than the fixed local alternative

h*. Indeed, the power curve is saturated at h = h™ and equals to one.

Remark 3 (Choice of ¢). Theorem 1 holds true for any e € (0,1). If we choose h = h*, the NLR
test in (5) does not involve randomization and the rejection region gets larger as £ approaches to
1. On the other hand, if we choose h # h™, then there is no such a clear conclusion for the choice
of € due to presence of randomization. However, our simulation in the supplement (Section B)

suggests that the power increases as e approaches to 1 for (5) or approaches to 0 for (6).

2.2. Test against H; : h < 0. We now consider testing Hy : h = 0 against H; : h < 0. The

basic idea is same as the previous case. In this case, we choose some h < 0 and significance level



€ (0,1). We consider the following test:

1 if Z,(0,h) > eﬁ//\(l +¢) or Y(q) < g(6o)
dn(Y"|h,e) = { 1 with probability a if Z,(0,h) € [/ (1 —¢), e 1+e)] , (8)
0 it Z,(0,h) < M1 —¢)

where € € (0,1) is a constant (see Section 4 below for its choice). When Y(;) < g(f), we reject
Hy. In contrast to the previous subsection, the test is not categorized by the value of « since the
Neyman-Pearson test for the limiting one sample test (i.e, H}Y against H]" in Lemma 2 (iii))
does not depend on the value of h. Thus, it will essentially be a simpler problem than the one
in the previous subsection. In this case, the asymptotic properties of ¢, (Y™|h,¢) are obtained

as follows.

Lemma 2. Suppose that Assumption 1 holds true with the true local parameter h < 0. Then the
test ¢n(Y"|h,€) with h < 0 and ¢ € (0,1) satisfies the following:

(i): It is of asymptotic level o (i.e., limsup,, Eg, [¢n(Y"|h,€)] < @),

(ii): Its asymptotic local power, liminfy, Egytp/n[0n(Y™|h,€)], is at least

nr(h,h) = min{e(h_ﬁ)/)‘, 1} — (1 — )",
(iii): I(h) = 7w(h,h) attains power of the Neyman-Pearson test for testing HYV : W ~

fw (w|0) against HY : W ~ fw(wlh). Moreover, TI(h) = 1 — (1 — a)eM* satisfies
I(h) > 7 (h,h) for any h,h > 0.

Similar comments to Lemma 1 apply. Lemma 2 (iii) suggests that h may be chosen to satisfy

7w = II(h) for a specified value of 7, that is

h™(r) = Alog (i _”> .

-«
A default choice is 7 = 1, which gives h~(1) = —oo. However, weak convergence and the previous
lemma do not cover the local alternative h = —oo. Thus, for the test against H 1 h <0 we will

restrict the local parameter space H as H C [—M, +00), where M is an arbitrary large constant.
We denote h~ := —M, and consider the NLR test ¢, (Y"|h~,¢) for H; . Similar to Theorem 1,

asymptotic optimality of this test is obtained as follows.

Theorem 2. Suppose that Assumption 1 holds true with the true local parameter h < 0. The
NLR test ¢,(Y"|h™,¢€) for any e € (0,1) is AUMP in H C [~M,+o0) at level a for testing
Hy : 0 =0y against H; : 0 < bp.

Remark 4 (Choice of ¢). Theorem 2 holds true for any ¢ € (0,1). In practice, we can use
h = —oco. If we choose h = —oo, the NLR test in (8) does not involve the tuning constant € nor
randomization. Our simulation in Section 4 also suggests that the power is insensitive to the

choice of € when we set sufficiently small negative numbers for h.
2.3. Two-sided test. For two-sided testing

Ho:h =0 against Hj:he[-M,0)U(0,+00),



we propose a test function ¢, (Y"|ht,h™,¢) := min{1, ¢, (Y"|h*,e) + ¢n(Y"|h™,e)} with At =
~Aloga and h~ = —M, where we combine ¢,(Y"|h*,¢) with level a and ¢, (Y"|h™,¢) with
level 0. That is,

S (YA, R )
B { 1 if Z,(0,h") > " A (1 — &) or Zy(0,h7) > e* A1 +¢) or Yyyy < g(6o)

1 0 i Z,(0,hT) < /A1 =€) and Z,(0,h™ ) RIN1 +e) )

with some ¢ € (0,1). Note that (9) does not include a randomized rejection area because
én (YAt €) and ¢,(Y™|h™,¢) with level 0 do not randomize. The next theorem shows that
this test is AUMP.

Theorem 3. Suppose that Assumption 1 holds true with the true local parameter h € H. The
NLR test ¢,(Y"|ht,h™,¢) for any e € (0,1) is AUMP in H C [-M,+o0) at level a for testing
Hy : 0 =0g against Hy : 0 £ 6.

Remark 5. Importantly, the proposed test attains an AUMP property without imposing any
restrictions such as unbiasedness. Also, the weightings for two sides are unequal, in the sense
that we assign level a for h > 0 and level 0 for h < 0. These two features are shared by a finite
sample UMP two-sided test for the uniform distributions U(0,0) (e.g., Lehmann and Romano,
2022, Problem 3.2, p.105).

Remark 6 (Confidence set). Since the two-sided test does not randomize, we can easily construct

a (1 — a)% confidence set by test inversion:
CS={0€0:2%0,ht) < e /M1 —e)and Z2(0,h7) <" (1 +2)},
where

20, H{xq1>>ge+h/n nyw+h/n>
nAT {Y;1) > g(6) fyile) -

This confidence set also has a pointwise optimal property (asymptotlcally uniformly most accu-

rate) by the same reasoning as in the finite sample case.

3. GENERAL CASE

In this section, we generalize the parametric model to contain discrete covariates and nuisance

parameters:

YIX =z~ f(ylz,0,7){y = g(x,0)}, (10)
where # € © C R is a scalar parameter of interest, v € R? is a vector of (regular) nuisance
parameters, Y is a scalar dependent variable, and X is an m-dimensional vector of discrete

covariates with support X = {ai,...,ar}. This section considers the one-sided testing problem
Hy:0=0p,veR? against H{ :0> 0,7 € RY (or H{ : 0 < 6y,v € R%),

for a given 0y € R with the asymptotic level of significance . By reparametrization h = n(0—6y),

this testing problem is written as

Hy:h=0,y€R? against H; :h>0,ycR? (or H{ : h <0,y €R%.



Let (Y™, X™) = ((Y1,...,Y,),(X1,...,X,)) be an iid sample of (Y, X) € R x X. To extend

our benchmark results in the last section, we consider the plug-in likelihood ratio process

7 - a f(}/;‘Xza 90 + kn/na :Yn)]l{}/l Z g(Xia ‘90 + hn/n)}
Zn h7 hna n) ‘= ~ s 11
( o) }_[1 F(Yil Xi, 00 + h/n, 3n)I{Y; = g(X4, 00 + h/n)} 1)

for h € H with a parameter space H C R, where ¥,, and an are some estimators of the nuisance
parameters v and the user-specified alternative value h, respectively, based on auxiliary data
independent from the main sample (Y™, X™). In contrast to the benchmark case, optimal values
of h for the NLR test will depend on some population objects which need to be estimated
(see Theorems 4 and 5 below). Thus we introduce an estimator h,, for i in this general case.
Typically we split the sample (say, (Y2, X?")) into the main sample (Y™, X™) and auxiliary one
(Ynit1,-- - Yon), (Xpi1,. .., Xon)) to obtain %, and h,,.

In this section, we impose the following assumptions.

Assumption 2.

(1): {Yi, Xi}y is an did sample of Y x X, where Y C R and X = {a1,...,ar} with the
conditional density in (10). The parameter space © x I" of (0,7) is conver.
(ii): {hn} is a random sequence independent from (Y™ X™) satisfying /n(h, — h) =

Op (1) for some user specified constant h. {%,} is a random sequence independent

O+ 2.
from (Y™, X™) satisfying \/n(3n —y) = Op€0+%w(1).

(iii): Let B = (0,%") and By = (60,7"). f(y|x,B) is twice continuously differentiable in [
for all y and x, and g(x,0) is continuously differentiable in 6 for all x. In some open
neighborhood N of By, 0 < f(y|z,8) < oo uniformly in y,x and B € N, f(y|lx,B) and

Vaf(yl|z, B) are continuous in y for € N, and for each j =1,...,L,

/ sup V5 (y | a;, A iy > glaz, 6)}dy < oo,
BeN

I

/sup Hvﬁf(y‘ajig)
gpen  flylaj, B)?

/Sup Vssf(y | aj,B)|
B,BEN

Ky > g(a;,0)} f(y | aj, B)dy < oo,

a9}y | e, Py < oo

Veg(aj,00) >0, supgepr [IVag(ay, 0)|| < oo, and Pr{X =a;} >0 for each j=1,... L.

As specified in Assumption 2 (i), we focus on the case where covariates are discrete variables.
Assumption 2 (ii) requires that the nuisance parameters v and the alternative value h to construct
our NLR statistics below can be estimated at the /n rate. For example, based on an auxiliary
sample independent from (Y™, X™), y can be estimated by the maximum likelihood and h can be
estimated by the method of moments. This assumption enables us to focus on a neighborhood
to establish the weak convergence in Lemma 3 below. Since h,, and 7, are independent from the
main sample (Y, X™), we can argue the weak convergence in a straightforward way even after
conditioning on the concentration to the neighborhood. Assumption 2 (iii) lists boundedness

and smoothness conditions on the functions f and g.



To present the limiting distribution of the plug-in likelihood ratio process {Zy (h, fin, ¥n)}, we

introduce further notations. Let

A = Ex[f(9(X,00)|X,80)Vog(X,00)] ",
Dy, = Bernoulli(exp(—Ex[I{h — h > 0} f(g(X, 60)|X, B0)Vag(X,00)(h — h)])),

Gj = Vog(a;,00), A\j = {Pr(X = a;)f(g(aj,00)|aj,B0)} ", and (W1, , Wi, 1,) be mutually

independent random variables that follow
Wh,j ~ ij (w | h)’}/) = e_(w_Gjh)/Aj]I{w > Gjh}/)\J

Then the weak convergence of the plug-in likelihood ratio process is established as follows.

Lemma 3. Under Assumption 2, it holds
{Zn(ha hna ﬁn)}ﬁel ~ {Z(h> B)}BGI = {e(h_h)/ADhﬁ}fzeI under P90+%’~/a (12)

for every finite I C ‘H, where A = (Zle Gj/A\j)~! and Dy = Hle {Wp; > Gjh}.

This lemma is different from the weak convergence in (4) for the benchmark case in the
following aspects. First, the process {Z,(h, hn,%n)} contains the estimated parameters h,, and
n, Which also covers the case of deterministic parameter sequences. Second, due to presence of
the discrete covariates X € {a1,...,ar}, the limiting process Z(h, h) involves an L-dimensional
object (W1, -+, Wy ). Third, the limiting process Z(h, h) depends on the nuisance parameters
.

Hereafter we separately consider testing against the alternatives H 1+ :h >0,y € R? (Section
3.1) and H; : h < 0,7 € R? (Section 3.2). Let an and ), be consistent estimators of Aj and A,
respectively. For example, based on an auxiliary sample {X,41,...,Xn}, Aj can be estimated
by Anj = {n7! Z?ﬁnﬂ I{X; = a;j}f(g(aj,00)|aj,00,%)} !, and then A can be estimated by
A = (Zle Gj/Anj)7t. Let pp(h) = exp (Zle min{—GjB,O}/j\nj> be a consistent estimator
of Pr{Dg; = 1}.

3.1. Test against H; : h > 0,7 € R% Choose some h > 0 and significance level a € (0,1). In
this case, the NLR test for the general model in (10) is defined as

n(h,e1,e2) = Ha < pu(h) }d1n(h, e1) + Haw > pu(h)}d2n(h, e2), (13)

for some e1 € (0,1) and &3 € (0, e~"/*), where

(1 if e_ﬁ/j‘"Zn(O, h,4m) > 1+¢e1 or Y; < g(X;,60p) for some 4
d1n(h,e1) = 1 with probability ﬁ(ﬁ) it e AnZ,(0,h,4,) €1 —e1,1 4 1]
0 if e MMZ,(0,h,7,) <1—e
(1 if e*’_l/j‘”Zn(O, h,%n) > €2 or Y; < g(X;,0p) for some i
don(h,e2) = 1 with probability T:;)Z((i_};)) it e Z,(0,h,4n) € [—e2, 2]
0 if e M Z,(0,h,A,) < —e

10



The idea of the test construction is essentially the same as the benchmark case in Section 2.
The main difference is that Pr{D; = 1} and A are unknown and need to be estimated. The

asymptotic properties of this NLR test are obtained as follows.

Lemma 4. Suppose that Assumption 2 holds true with the true local parameter h > 0. Then the
NLR test in (13) with a user specified value h > 0 satisfies the following:
(i): It is of asymptotic level « (i.e., limsup,, Eg, ~[én(h,c1,€2)] < a).

(ii): Its asymptotic local power, liminf, E90+h/nﬁ[¢n(ﬁ,€1, £9)], is at least

exp (S min{Gy(h = R), 01/, ) — exp (S, min{Gy(h — h), G;h, 0}/;)
taexp (L1, min{Gsh, max{Gj, 04h}/ A, )
) for a <Pr{Dy; =1}
T, ) = I . T 4 a—exp(X 5., min{G;(—h),0}/);)
P (ijl min{G;(h = h), 0}/ Aﬂ) T (S, min{G, (—h).0} /)

x {exp (S min{Gyh, 03/ ) = exp (S5 min{G;(h — R), Gih,0}/;) }
for a>Pr{Dy; =1}

(

\

for h > 0.
(iii): Because of Gj > 0 for all j, wr(h,h) can be alternatively written as
(h }}) aemin{hh}/x for o <Pr{D,; =1}
7TL 5 = 7 . B , .
?:S_Zi + mln{e(h—h)/A’ 1} 1—16__%/>\ fora > Pr{DojL _

Furthermore, TI(h) = 7r(h,h) attains power of the Neyman-Pearson test for testing
HY W ~ HJL:1 Jw; (w;|0,7) against HY W ~ H]LZI ij(wj]ﬁ,fy), where W =
(W1,...,Wr). Finally,

el for a < Pr{D,; =1}

1 for o> Pr{Dy; =1}

TI(h) =

satisfies TI(h) > wr(h,h) for any h,h > 0.

Similar to the benchmark case in Section 2, Lemma 4 (iii) suggests that for the case of a <
pn(h), h may be chosen to satisfy 7 = II(h) for a specified value of 7, that is b (7) = Alog(7/a).
Since this value is not feasible because of the unknown parameter A, we propose to plug-in a
consistent estimator A, that is independent from the data, and employ

. < ™
Bt () = Aplog (&) :
The next theorem shows that if we set 7 = 1 (i.e., hf = h (1) = —\, log ), then the NLR test

én(ht, e1,e2) achieves an asymptotic optimal property.

Theorem 4. Suppose that Assumption 2 holds with the true local parameter h > 0. Let {ﬁfl}
be any random sequence independent from the data such that /n(ht — h¥ (7)) = Op, i (1)

for some constant h (1) and {An1,--- , Aur} be any random sequence independent from the data

such that v/n(Anj — ;) = Op, h (1) for each j =1,--- , L. The NLR test ¢n(ht, e1,e9) defined
0T n Y

11



with bt po(ht), and A, constructed by {\u1,- -, Aar} independent from the data is AUMP in
H at level a for testing Hy against Hfr

3.2. Test against H; : h < 0,7 € R?, Choose some h < 0 and significance level o € (0,1). In
this case, the NLR test is defined as

an(hv E) = ¢1n(il? E)

1 if e*E/X"Zn(O,E, ¥n) > 1+ orY; < g(X;,6p) for some i
= 1 with probability >¢;  if e A Z,(0,h,5,) € [1 —e,1+¢] (14)
0 if e MM Z,(0,h,5,) <1—¢

for some € € (0, 1).
The asymptotic properties of this NLR test is obtained as follows.

Lemma 5. Suppose that Assumption 2 holds true with the true local parameter h < 0. Then the
NLR test in (1) with h < 0 satisfies the following:

(i): It is of asymptotic level o (i.e., limsup,, Eg, ~[¢n(h,€)] < a).

(ii): Its asymptotic local power, liminf, E00+h/n,7[¢n(l_l,€)]; is at least

L L

mp(h,h) =exp | Y min{G;(h —1),0}/X; | —exp | Y min{G;(h — ), G;h,0}/);
j=1 j=1

L
+ aexp Z min{G;h, min{G;,0}h} /),
j=1
for h < 0.

(iii): Because of Gj > 0 for all j, wr(h, h) can be alternatively written as

wr(h,h) = min{e(h_h)ﬁ‘, 1} — (1 —a)eh/.

Furthermore, TI(h) = wr(h,h) attains power of the Neyman-Pearson test for testing
HY W ~ HJL:1 Jw,; (w;]0,7) against HY + W ~ HJL:1 Jw,; (wjlh, ), where W =
(W1,...,Wr). Finally,

(k) =1— (1 —a)e?,
satisfies TI(h) > 7w (h,h) for any h,h < 0.

Lemma 5 (iii) suggests that h may be chosen to satisfy © = II(h) for a specified value of 7,
that is h=(7) = Alog((1 — 7)/(1 — )). Since this value is not feasible because of the unknown

parameter \, we propose to use the feasible version of this plugged in \,, estimated independently

. . 1—
b () = Anlog <1 Z) .

As we did for the test against H; : h < 0 in the baseline case (Section 2.2), we will restrict the

from the data,

local parameter space H as H C [—M, +00), where M is an arbitrary large constant. We denote
h,, := —M, and the NLR test for H; defined as ¢, (h,,,¢). Similar to Theorem 4, asymptotic

optimality of this test is obtained as follows.

12



Theorem 5. Suppose that G = Vyg(a;,6p) > 0 for all j and Assumption 2 holds with the true
local parameter h < 0. Let lvzg =—M and {5\n1, e ,XnL} be any random sequence independent
from the data such that /n(Ayj — )\;j) = OP90+%,7(1) for each j = 1,---,L. The NLR test
¢On(h, , €) defined with Ay, constructed by {An1,- -+, A\nr} independent from the data is AUMP in
H C [-M,+00) at level « for testing Hy against Hy .

Remark 7. Let &1 € (0,1), g2 € (0,), and e3 € (0,1). As the baseline case (Section 2.3), we can
construct an optimal two-sided test by ¢n (b, by, €1, €0, 3) := min{1, ¢n (A}, e1,e0)+dn (b, €3)}
for bt = —\,loga and h,, = —M, where we combine ¢, (h;t, 1, 9) with level a and ¢, (h;,, €3)

with level 0.

4. SIMULATION

In this section we investigate finite sample performance of the proposed NLR test by a simu-

lation study. We generate random samples by the density

f(ylo) = 2¢(y — 0)l{y > 0},

where ¢(-) is the probability density function of N(0,1), and @ is a scalar parameter of interest.
This truncated density is that of a normal distribution N (6, 1) restricted to the range [#, 00). We
set the significance level as a = 0.05 and sample size as n = 200. The number of Monte Carlo
replications is set to 2000.

Figure 1 depicts the power curves of the NLR tests ¢,(Y"|h',¢) in Theorem 1 for testing
positive alternatives H;" : h > 0 (upper panel) and ¢,(Y"|h~,e) in Theorem 2 for testing
negative alternatives H; : h < 0 (lower panel). In this simulation, we set h~ = —oo. We plot
the power curves for different values of the tuning constant € € {0,0.2,0.5,0.9,0.9999} along
with the power envelope II(h). For testing H 1+ , we confirm Remark 3 and the power curves get
closer to the envelope as € approaches to 1. For testing H, , we also confirm Remark 4 and the

power curves almost coincide with the envelope and are insensitive to the choice of €.
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e =10.0,01,0.5,0.9,0.9999], n = 200, 7 = 1

RT (2 = 0.9
— — — — LRT(c - 0.9999)

Power
=)
o
=)

0.0 25 5.0 75 10.0

B
£ =10.0,0.1,0.5,0.9,0.9999], n = 200, 7 = 1

— — — — LRT(c- 0.9999)

Power
o
j
=

-10.0 -7.5 -5.0 -25 0.0
h

FIGURE 1. Power curves of NLR test for testing H;" : h > 0 (upper panel) and
H; : h <0 (lower panel) with ¢ € {0,0.2,0.5,0.9,0.9999}

We compare the proposed NLR test with the Wald test using the maximum likelihood es-
timator based on the asymptotic distribution derived by Chernozhukov and Hong (2004), i.e.,
we reject Hy : h = 0 against H” : h > 0 if n(6 — 6y) > q1_o(Z?), where 6 is the maximum
likelihood estimator following the asymptotic distribution (6 — (8 + h/n)) ~ Z? under Py, />
and q1_o(Z?) is the (1 — @)-th quantile of Z?. In our benchmark setup in (1), the limiting

distribution can be written as
Exp(1)

(9(0)10)Veg(0)

As a data generating process, we consider the truncated normal distribution N (6, 1) restricted
to the range [0 — 1.25,00), i.e., the benchmark model in (1) with f(y|0) = % and
g(#) = 6 — 1.25. The sample size is set as n = 20.

79 =
f
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Figure 2 presents the power curves of the proposed NLR test with h = h* and ¢ = 0.9999,
Wald test based on Chernozhukov and Hong (2004), and the power envelope. This shows that
the NLR test exhibits better power over the whole range of the true parameter value h, and is

closer to the power envelope.

Power
o
8

FiGURE 2. Comparison of NLR test with Wald test based on Chernozhukov and
Hong (2004)

In the supplement (Section B), we present further simulation results for the NLR test with

different choices of h, ¢ and sample sizes n.
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SUPPLEMENT TO “OPTIMAL TESTING IN A CLASS OF NONREGULAR
MODELS”

YUYA SHIMIZU AND TAISUKE OTSU

ABSTRACT. In this supplement, we present the proofs of the theorems and lemmas in Appendix

A, and report additional simulation results in Appendix B.

APPENDIX A. MATHEMATICAL APPENDIX

A.l. Proof of Lemma 1.

A.1.1. Proof of (i). We first consider the case of a < e~"/X. From (4) with h = 0, we have
Z(0,h) ~ Z(0,h) = eﬁ/’\DOJL under Py,. (A.1)

Therefore, it holds

lim supEy, [¢n,(Y"|h, €)]

n—o0

= lim Py, {Za(0,h) > " (14 £)} + ae’MimsupPy, { Zn (0, h) € [/ (1 =€), e (1 + ¢)]}

n—oo
< Pr{Z(0,h) > "1+ &)} + ae Pr{Z(0,h) € [ 1 — &), (1 + )]}
= Pr{Dy; >1+e} +ae Pr{Dy; =1}

= O[7

where the first equality follows from the definition of ¢, (Y™|h,¢) and Py, {Y1) < g(60)} = 0, the
inequality follows from (A1), the fact that Z(0, k) is continuous at ¢"/*(14¢) (for the first term),
and Portmanteau theorem (for the second term), the second equality follows from the definition
of Z(0,h) and the fact that Dy 1, is binary, and the last equality follows from Pr{Dy; > 1+¢e} =0
and Pr{D,;, = 1} = Pr{Wy > h} = e "/,

Similarly, for the case of a > e~h/ A we have

lim sup Ey, [an(Y”VL, e)]

n—oo
—h/A -
= nh—>noloP90{Z (0,h) > eh/As} + = hmsupPgo{Z (0,h) € [~ e e e)
7 h/X a— e_h//\ 7 Az R/
< Pr{Z(0,h) > "7} + N % Pr{Z(0,h) € [—€"/"e, e c]}

o — €7h/)\
= PI'{DO h= 1} + ﬁ PT{DO,E = 0}

= Oé,

This version: October 29, 2023.



where the first equality follows from the definition of ¢,,(Y"|h,¢) and Ppo{Y(1) < g(0o)} = 0, the
inequality follows from (A.1), the fact that Z(0,h) is continuous at e™/*s (for the first term),
and Portmanteau theorem (for the second term), the second equality follows from the definition
of Z(0,h) and the fact that Dy 1, is binary and 0 < e"/e < 1, and the last equality follows from
Pr{Dyj; =1} = e " and Pr{Dy;, = 0} = 1 — e /.

A.1.2. Proof of (ii). For the case of v < e~ "> observe that

hnH_l)ngeoth/n [qbn (Yn|ﬁa 5)]

> limintP, o {Za(0,h) > €A1+ e)} + e Mlimint Py {Z,(0,h) € ("1 —e), A1+ )]}
> acMliminfP, . {Zn(h, h) € (21 = &) Zu(h,0), M1 + s)Zn(h,O))}
> aelApr {Z(h, R) € (M1 — &) Z(h,0), M 1 + ) Z(h, 0))}

= ae Pr{{W), > 0}(1 — &) <I{W), > h} < I{W}, > 0}(1 +¢)}
= ae* Pr{W;, > 0,W}, > h}
= ae? Pr{W;, > h}

—  qemin{hA}/A

where the first inequality follows from the definition of ¢,(Y™|h,¢), the second inequality fol-

lows from Py | »{Z(0, h) > M1+ e)} > 0, Z,(0,h) = Z’;EZ@, and a set inclusion rela-

tionship, the third inequality follows from (4) and Portmanteau theorem,' the first equality

follows from the definition of Z(h,h), the second and third equalities follow from set rela-

tions, and the last equality follows from the definition of W}, and a direct calculation (i.e.,

Pr{W; > h} = % rizx{h,h} e~ (W=M/Ady = min{e=M/X 11,

lFormally, we apply Portmanteau theorem:

(Zn(h,h), Zn(h,0)) ~ (Z(h,h), Z(h,0)) under P,

o+ %
implies

liminfP, . n {(Zu(h, h), Za(h,0)) € G} > Pr{(Z(h,h), Z(h,0)) € G},

n— o0

where G = {(Z1, Z5) €R?: N1 =€) Zy < Zy < ™M1+ s)Zg} is an open set.
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Similarly, for the case of a > e=h/ A we have
hnni)ngGOJrh/n[ﬁbn (Yn|7l7 5)]
e—h/A B _ _
> liminfP, hwwom>J”Q+Tjiﬁﬂggw %MMQMEFJMWW%H
P
> liminfP, | {%mmpwze%mmﬁ
+9::E:Tihnunﬂj {Z (h,}) € (—e"eZ,(h,0), e Z 010»}
1— e_h/>‘ poapes n\’t n\’t, 9 n\’t,
_ . — e~ h/A _ - _
> Pr{Z@Jﬁ>wﬁ“5Z@JD}+9¥J1T—Pr{ZWJﬂE(—JW¥ZU%®¢ﬁ”dﬂhﬁ»}
1 —eh/A
_E/
— Pr{I{W, >R} > I{W, > 0}e} + Lh/k Pr {~I{W}, > 0}e < {W}, > h} < I{W}, > 0}¢}
e_h/>‘ —
— Pr{W, > k) + 7}%( _Pe{W;, > A}
o — e M (h—h) -
_ )/
= T —|—m1n{e 1} =Y

where the first inequality follows from the definition of ¢, (Y™|h, €), the second inequality follows
from Z,(0,h) = g:gigg and a set inclusion relation, the third inequality follows from (4) the fact
that Z(h,h)/Z(h,0) is continuous at e’/*e (for the first term),? and Portmanteau theorem (for
the second term), the first equality follows from the definition of Z(h,h), the second equality

follows from set relations, and the last equality follows from the definition of W,

A.1.3. Proof of (uii). In this proof, let P,{-} and E}[-] be the probability and the expectation
under fy (w|h), and define a(k) = Po{fw (W|h) > kfw (W|0)}. Pick any o € (0,1) and let kg
be such that a(kg) < a < a(ky — 0). Then the Neyman-Pearson test is defined as

1 if  fir(W1h) > kofw (W10)
SW) = cpogfs it fw (WIR) = kofw (W]0)
0 if  fw(WIh) < kofw (W10)

Note that this test satisfies Eo[¢(W)] = a. By Neyman-Pearson lemma (e.g., Theorem 3.2.1 (ii)
of Lehmann and Romano, 2022), this test is most powerful. Letting Z(h, h) = e*P/AI{W > h},

observe that
w(Wh) Z ko fw (W10) if and only if Z(h,h) Z koZ(h,0).

2Formally7 we apply Portmanteau theorem:

(Zn(h,h), Zpn(h,0)) ~ (Z(h,h), Z(h,0)) under P, ot

implies

hm 0 Py n w {(Zn(h,h), Zn(h,0)) € B} =Pr{(Z(h,h), Z(h,0)) € B},
where B = {(Zl,Zg) eR?: 7, > eh/AaZz} with boundary 6B = {(Zl,Zg) eR?:. 7, = eE/AaZz} satisfying
P ((Z(h,h), Z(h,0)) € 6B) =0



Thus, ¢(W) can be alternatively written as

1 if Z(h,h) > koZ(h,0)
6(W) = & e it Z(h,h) = koZ(h,0)
0 if Z(h,h) < koZ(h,0)
By computing kg and % for the each case, (W) becomes
1 it Z(h,h) > e"*Z(h,0)
ael/* if  Z(h,h) =" Z(h,0) for a@ < e~h/*
0 if Z(B, h) < "> Z(h,0)
¢(W) = ( _ _
1 Z(h,h) >0-Z(h,0)
= :iif?i Z(h,h)=0-Z(h,0) fora > e~/
| 0 if Z(h,h) <0-Z(h,0)
For this test, we now compute the power function H = [o(w . When o < e —h/ A

it holds

M) = Pr {Z(h, R) > eE/AZ(E,O)} + aelA pr {Z(B, R) = M Z(h, 0)}

= Pr {]I{Wh > fL} > H{WB > 0}} + Oéeﬁ/A PT{H{WE > ]_I} = H{WE > 0} = 1}
=1 =1

Also when a > e~/ A we have

m(h) = Pr{Z(h,h)>0}+ %Pr {Z(h,h) =0}
= Pr{W; >h}=1.

Finally, the inequality I1(h) > 7z, (h, k) for any h,h > 0 is obvious.

A.2. Proof of Theorem 1. Pick any h > 0 and any sequence of tests {t,, } satisfying lim sup,, Fg,[n] <
. Lemma 1 (i) guarantees lim sup,, Eg,[¢n(Y"|hT,€)] < o. Also Lemma 1 (i) with v = e~ "/
implies

WA i < e h/A

— . 7 ae
lirI}linf E%—&—% [¢H(Y”’h+7 g)] > qemin{hh /N _ TI(h),

1 if o > e~ h/A
where the first equality follows from o = e /A Thus, it is sufficient to show that

II(h) > limsup Ej | » ] (A.2)



Consider a subsequence {¢,} of {1, } such that
lim Fy [¢r,] < limsup Eyg,[¢n] < a,
lirgn an—i—% [Vm] = limnsup E90+% [¥n].

By Van der Vaart (2000, Theorem 15.1), if a sequence of power functions of tests {EO0 o [Yml}
pointwise converges to a some function (denoted by my(h)) for every h, then, this my(h) is a

power function for testing H}V : h = 0 against H|' " : h > 0 in one sample W ~ fy(w|h).

On the other hand, Lemma 1 (iii) implies that II(h) is power of the Neyman-Pearson test for
HY : h =0 against HV : h = h in one sample W ~ fy(w|h). Therefore, we have II(h) > 7, (h),

which implies (A.2) and the conclusion is obtained.
A.3. Proof of Lemma 2.

A.3.1. Proof of (i). By a similar argument to the proof of Lemma 1 (i), we have

lim SupE¢9o [¢n(Yn | B) 5)]

n—o0
= lim Py {Za(0,h) > " (14 £)} + alimsup Py, { Z, (0, k) € [M 1 =€), (1 + £)]}
n—00 n—00
< Pr{Z(0,h) > " 1 + &)} + aPr{Z(0,h) € [ (1 — ), " (1 +&)]}

= Oé,

where the last equality follows from Pr{Dy; = 1} = Pr{Wy > h} =1 for any h < 0.

A.3.2. Proof of (ii). By a similar argument to the proof of Lemma 1 (ii), we have
hnnig.}fEﬁoJrh/n[gbn (Yn|ﬁ7 8)]

lim inf P, 1 {Zn(h, R) > A1+ ) Zo(h, 0)}

n—o0

Vv

+aliminfFy . {Zn(h, h) € (M 1 = ) Zn(h,0), M (1 + E)Zn(h,O))}
> Pr {Z(h, h) > "ML+ e)Z(h, 0)} +aPr {Z(h, R) € (M 1 - )Z(h,0), "1 + &) Z(h, 0))}
= Pr{l{W;, > h} > T{W;, > 0}(1 +¢)} + aPr{I{W}, > 0}(1 — ) < I{W}, > h} < I{W}, > 0}(1 + )}
= Pr{h < W, <0} +aPr{W, >0,W;, > h}
= Pr{h < Wj <0} + aPr{W, > 0}
= min{e(h_ﬁ)/k, 1} — (1 —a)e?,
where the first inequality follows from the definition of ¢, (Y"|h,¢) and set inclusion relations,
the second inequality follows from (4), the fact that Z(h,h)/Z(h,0) is continuous at e/*(1 + ¢)

(for the first term), and Portmanteau theorem (for the second term), the first equality follows

from the definition of Z(h,h), the second and third equalities follow from set relations, and the



last equality follows from direct calculations, i.e.,

1 0

Pr{h<W, <0} = - e WM Ay = min{e(h_ﬁ)/k, 1} — e/,
A max{h,h}
1 o
Pr{W, >0} = )\/ e W/ AQyy = /A,
0

A.3.3. Proof of (iii). Similarly to the proof of Lemma 1 (iii), Neyman-Pearson lemma implies
that
1 if Z(h,h) > e Z(h,0)
o(W) = < a if Z(hh)=eY Z(h,0) ,
0 if Z(h,h) < e"*Z(h,0)

is the most powerful test. For this test, its power is obtained as

M(h) = Pr{Z(h.h)> " 2(h,0)} +aPr{Z(hh) = "2 (h,0)}

= Pr{{W; > h} >{W; >0} 3 +aPr{I{W; > h} =I{W; >0} =1}
=1
= Pr{W; <0} +aPr{W; >0}

= 1—(1—a)Pr{W; >0}
= 1-(1 —a)eE/A.

Finally, the inequality TI(h) > 7z (h, k) for any h,h < 0 is obvious.

A.4. Proof of Theorem 2. Pick any h < 0 and any sequence of tests {1, } satisfying lim sup,, Eg, [1n] <
a. Lemma 2 (i) guarantees lim sup,, Ey, [¢,(Y"|h~, )] < a. Also Lemma 2 (ii) implies

liminf By 1 [6n(Y"h7,e)] > min{e®" A1} — (1 - a)e =1 (1 - a)e* =TI(h)

\%

> limsup By, o [¢n]-
n n

where the first equality follows from A~ < h for any h < 0 in A, and the second inequality

follows from the same argument to obtain (A.2) by Lemma 2 (iii).

A.5. Proof of Theorem 3. The proof has three steps. First, we will show that the asymp-

totic size is «, limsupEy,[¢n(Y"|hT,h",e)] < a. Next, we will derive the lower bound for
n—oo

lirginfEeoJrh/n [ (Y™ |hT, h™,¢)]. Finally, we will prove that ¢,(Y"|h™, h™,¢) satisfies the defi-
nition of AUMP.



A.5.1. Size control. By a similar argument to the proof of Lemma 1 (i), we have

lim supEy, [, (Y"|ht,h™, )]
n—oo

< lim B, {Zn(o, Rt > P - 5)} + lim P, {Zn(o,h*) > e+ s)}
~ Pr {Z(o, RH) > el - g)} 4 Pr {Z(O,B—) > A1+ s)}
= Pr{Dys+ >(1—e)} +Pr{Dyz- > (1+¢)}

= Pr{Dy;+ =1}
= min{ejﬁ//\, 1}
= Oé,

where the inequality follows from the definition of ¢,(Y"|h*,h™,¢), the union bound, and
Py {Y1) < g(60)} = 0, the first equality follows from (A.1), the fact that Z(0,h™") is contin-
uous at " /A(1 —¢) (for the first term) and the fact that Z(0,h™) is continuous at " /*(1 +¢)
(for the second term), the second equality follows from the definition of Z(0, k), the third equal-

ity follows by the fact that Dy is binary, the fourth equality follows from Pr{DOJﬁ =1} =
Pr{Wy > ht} = e=h*/ A, and the last equality follows by the construction of A™.

A.5.2. Lower bound of power. By a similar argument to the proof of Lemma 1 (ii), we have

AV Y/

Y

lim inf Bgy 4 p/n[én (Y[R, 17 )]

lim inf Py {Zn(O, ht) > eiﬁ/’\(l —¢)or Z,(0,h7) > eﬁi/’\(l + 6)}

n—o0

lim inf P, {Zn (0,n%) € (e;ﬁ//\(l — 5),eﬁ+//\(1 + s)) or Z, (0,h7) > eﬁi/)‘(l +5)}

n—00

liminfP, {Zn (h,h") € (e’_ﬁ/)‘(l —€)Zn(h,0), h+/)‘(1 +¢e)Zn(h, )>

b
or Zy (h,h7) > M1 +2)2

Pr{Z (h, k™) € (e;ﬁ/’\(l — ) Z(h,0)," A1 4 ) Z(h ,0)) or Z (h,h7) > "1 —I—s)Z(h,O)}

Pr{Dy,j+ € (1 =)D, (1 +)Dnp) or Dy j- > (1+¢)Dpo}

Pr{I{W, >h"} € ((1—e)l{W;, > 0}, (1 +&)[{W}, > 0}) or [{W};, > h~ } > I{W}, > 0}(1 +¢)}

Pr{(Wy >0 and W, > h*) or h~ < W), <0}

Pr{W, > h* or W), <0}

Pr{W), > h"} + Pr{W, <0}

min {e(h_E+)//\, 1} +1—min {eh/A, 1}

min{aeh/)‘, 1} + 1 — min {eh/A, 1} ,

where the first inequality follows from the definition of ¢, (Y"|h*,h™,¢), the second inequality

follows from a set inclusion relationship, the third inequality follows from Z,(0,h) =

Zn (h,h)
Zn(h,0)?




the fourth inequality follows from (4) and Portmanteau theorem,” the first equality follows from
the definition of Z(h,h), the second equality follows from the definition of Dy, 1, the third and
forth equalities follow from set relations, h* > 0, and h~ = —M, the fifth equality follows from
{Wy > h* and W), <0} = 0, the sixth equalities follows from Pr{W; > h} = min{e®"M/* 1},
and the last equality follows by the construction of h¥.

A.5.3. Optimality. The lower bound equals to the power envelope:

linHi)nggﬁh/n[qbn(Y”UTﬁ, h™,e)] > min {aeh/’\, 1} +1—min {eh/)‘, 1}

ael/* ifa <e*and h >0
=91 if @« >e ™ and h >0
1—(1—a)M* ifh<0
= IL(h),

where II (h) is derived in proofs of Lemma 1 (iii) and Lemma 2 (iii). Pick any A € H and any
sequence of tests {1} satisfying limsup,, Eg,[¢n] < o. Lemma 1 (iii) and Lemma 2 (iii) imply
that II(h) is power of the Neyman-Pearson test for H(I)/V : h = 0 against H{Y : h = h in one
sample W ~ fir(w|h) for any h € H. Thus, we have

T1(h) > limsup By, o ] (A.3)

by the same argument to obtain (A.2).

A.6. Proof of Lemma 3. Let 8, = n~1/%. Pick any h, h € I, and z. Observe that

lim P0 +4 “/{Z(h’ hnv;}’n) < Z}

n—oo
— lmP {Z(h, hns ) < 2, [l — B + |0 — ]| < 60}

n—o00 9+ Y

Flim Py o {Z(h B Fn) < 2, — B+ [ — ] > 00}
= nlgn;op %77{Z(ha hn In ) <z |h - h| + ||7n 7” < 5n}
= nh_{rolope +2 W{Z(h, ha Yn) < 2 | ’hn - B| + [ — Il < 5n}P90+%,~,{|hn - B| + [0 — Il < 6n},

where the first equality follows from the set relationship, and the second equality follows from

90+ W{Z(h hna’YfL) <z |h —hl+ 130 = Il > dn} < P90+%,7{mn —hl + 19 = Il > 6} — 0.

3Formahlly7 we apply Portmanteau theorem:
(Zn(hyh*), Zn(h, B7), Zn(h,0)) ~ (Z(h, k"), Z(h,h™), Z(h,0)) under P,  »
implies

lim inf P, {( (hs k%), Zy(hyh7), Zn(h,0)) € G} > Pr{(Z(h,h"),Z(h,h™), Z(h,0)) € G},

n—r o0
where G = {(Zl,Zg,Zg) €ER3: eh+/>‘(1 —e)Z3 < Z1 < et N1+e)Zs or Zy > e /M1 +a)Zg} is an open set
since we have G = G1 UGz with two open sets G1 = {(Zl,Zg, Zs3) € R3: eﬁ+/>‘(1 —e)Z3 < Z1 < eﬁ+/A(1 + E)Zg}
and Go = {(21,22,23) ER?: Z, > M /M1 +g)z3}.



Thus, under P90+%77 conditional on |h, — k| + ||5n — || < 0n,

Zn(hy by )

ﬁ F(Yil X3, 00 + hn /1, 50)I{Y; > g(Xi, 00 + b /n)}
1 SYilXG 00 + h/n, ) I{Y: = g(Xi, 00 + h/n)}

n

11 F(Yil X3, 00 + /10, 90 I{Y: > g(X3, 00 + h/n+n~3/%)}
FYVilXi, 00 + h/n, ) I{Y: > g(Xi, 60 + h/n)}

i=1
where the equality follows by the definition of Z,, and the inequality holds eventually by the
continuity assumption of Vyg(Xj,6p) > 0. Now define

D, = [[HYi=g(Xi, 00+ h/n+n 32},
i=1
n ~
Ry = ) {log f(YilXi,00 + hn/n.Fn) — log f(Yil Xi, 00 + h/n, 7n)}.
i=1
First, we show that Dy ~» Dy, ; under Py » . Let 0, = 0o + h/n +n~3/2. Under Pyosh
we have

n
D, = H1 I{Y; > g(X;,0,)} ~ Bernoulli (JEEO Egy ot
1=

11y = g(Xi,e‘n>}D :

i=1

Let’s compute lim,, o Ey in N [H?Zl {Y; > g(X, én)}} . Note that for some h,, such that g(z, 00+
hn /n) is between g(x, 6g+h/n+n"3/2) and g(z, 6y+h/n), and some 6, is between 6y+h/n+n—3/2
and 0y + h/n, it holds

Epyyn o [I{Y = g(X,0n)}]

= 1—-FEx [Fy\X,eo.;_%ﬁ(g(X’ Q_n))]

9(X,0n)

= 1-Ex / fy|X, 00+ h/n,v)l{y — g(X,00 + h/n) > 0}dy
[ _ 9(X,0n)

= 1-Ex |{g(X,0,) — 9(X,00 + h/n) > 0} fy|X, 00+ h/n,~)dy
I 9(X.00+h/n)

— 1-Ey _ \]I{g(Xvén)_g(Xaeo‘i‘h/n)ZO} ]
| X f(9(X, 00 + hn/n)|X, 00 + h/n,7){g(X,0,) — g(X,00 + h/n)}

_1_F _ {Veg(X,0,)(h+n~Y2—h) >0}
- 1 XX, 80+ ha /)| X, 80 + B /0, 7) Vg (X, 8a) (B +n712 — b /n

where where the second inequality follows from the model (10), the fourth equality follows from

79_71, n
())((,eoih/n) f(y|X, 00+ h/n,~v)dy around g(x, 6,,) = g(X,00+h/n), and the fifth

equality follows from an expansion of g(z,0,) around 8, = 6y + h/n. Thus, recalling that 6,, and

an expansion of fgg(



0, are non-random, we have

EQO"'%’W HH{YZ = g(Xi’ é”)} = [P90+%,7{Y > Q(Xa e_n)}]n
=1
_ hi-lg {Vog(X,0,)(h+n~1%—h) >0} g
n | X F(g(X, 00 + ha/0)|X, 00 + b/, ) Veg(X, ) (h+n~V/2 — h)
— lim —E {Vpg(X,0,)(h +n"1/2 —h) > 0}
ex m — . — 3
p n—oo X Xf(g(X,e()—i-hn/n)‘X,GO—f—h/n’”y)veg(X’gn)(h_i_n*l/Q_h>

im {Vog(X,0,)(h +n~Y2 —h) > 0}
n=00 | x f(g(X, 00 + hn/n)| X, 00 + h/n,7)Veg(X, 0,)(h +n~1/2 — h)

)

where the first equality follows from the iid assumption, the second equality follows from the

= exp <—EX

limy, o0 I{Vpg(X,0,)(h +n"Y2 —h) > 0}
Xf(g(Xv 90)‘Xa 007 f)/)ng(Xa 90)(B - h’)

= exp <—EX

calculation above, the third equality follows from the dominated convergence theorem with the
uniform boundedness of f(y|z,0,v) and supgepr [[Vog(z,0)| < oo, and the last equality follows
from the continuity of f(y|x,0,7) in y and 0 and the continuity of g(z,8) and Vyg(z,0) in 6.

Since the assumption Vgg(a;,0y) > 0 guarantees

lim I{Vgg(aj,6,)(h+n""/> = h) > 0}

n—00
n=1

= lim Hh+n V2 h>0} =1 [ﬂ {E—hz —nl/Z}] = I{h—h >0},

for each j = 1,..., L, we obtain
D, ~ Bernoulli(exp(—Ex[I{h — h > 0}f(g(X,00)|X,00,7)Vog(X,0)(h — h)]))

Next, we expand R,,.

1< - -
Rn = - 1 YVZXMQ hn 7vn hn_h
n;w og (Yl Xi, 00 + hn/n,3m)( )

i=1

5N I -
= ﬁ Z {V@ log f(Y;‘XZ7 9077) + ?v99 IOg f(}/;‘Xz70n7’Yn)

1 - .
V(G =) <=0 108 S (i1, emn)} (b — 1),

where the first equality follows from an expansion of log f(Y; | Xi,600 + hn/n,%,) around 6y +
hn/n = 0y + h/n (with h, being between h, and h), and the second equality follows from
an expansion of Vglog f(Yi|X;,00 + hn/n,5n) around (6g + hn/n, %) = (0o, ~) (with 6, being

between 0y + hy, /n and 6y, and 7, being between 4,, and 7). Since we are conditioning on the

10



event |y, — | + ||5n — || < 6n, we have
10 = 60| < |hnl/n < (I = B| +[A]) /0 < 0™ + [Rln ",
and ||§ — || < n~Y* almost surely. Thus, Assumption 2 (iii) and Markov’s inequality im-

ply that 5 >°" | Vgglog f(Y;|Xi,0n,7) = op, . (1) and 5 Yoy Vaelog f(Yil X, 0, %) =

0P90+%ﬁ(1). Combining these results,

R i
Rn = - ZVQ 10g f(YZ|XZa 0057)(]7’” - h) +op h (1)
n "

where the convergence follows from the weak law of large numbers.
Also, note that

E[Vglog f(Y|X, fo)]

/ T Veiwix, %)dy]

g(X,&o)

Ve/ Wyl X, Bo)dy + f(g(X,00)|X, Bo)Vag(X, 90)]
9(X,00)

= FEx [f(g(X7 90)’X7 ﬁO)veg(Xa 90)] = A_lv
where the first equality follows from (10), the second equality follows from Assumption 2 (iii)

and the Leibniz integral rule, and the third equality follows from Ex { fgo(OX 00) fylX, ﬂo)dy} =1.
Hence, under Py , n  (so that [T, {Y; > g(X;,00 + h/n)} =1)

Zo(hy hony ) > Hf (Yil Xi, 80 + Fon /7, 3)H{Y: > (X, 00 + B/n + n=%/2)}
n(y Nny ) 2 f(YilXs,00 + h/n,5,){Y; > g(X;,00 + h/n)}

= exp(Rn)Dn
~ e"MAD, = Z(h, h).

Similarly, we obtain*

n\/t; Npy Yn = Y|X1,90 +h/n ’yn)]I{Y > g(XZ’QO +h/n)}

e e(h_h)/)‘Dhﬁ = Z(h,h).
Combining these results,

lim Py E,V{Zn(h, By ) < 2 | | — Bl + |5 — 7|l < 60} = Pr{Z(h,h) < 2},

n—o0

4To prove the convergence of [T, {Yi > g(Xs,60 + h/n — n™%/2)}, we used the following inequalities for 6,
taking a value between 6o + h/n —n~%/2 and 6y + h/n:

lim {Vog(z,0,)(h —n"*'* —h) >0}
n—oo

n—o0

= lim ]I{h—nl/z—hzo}—]l{[j {h—thl/Q}] =T{h —h > 0}.

n=1

11



which yields the conclusion.
A.7. Proof of Lemma 4.
A.7.1. Proof of (i). From (12) with h = 0 and h,, = h, we have
e_ﬁ/j‘”Zn(O, By A ~ e_ﬁ/’\Z(O, h) = Dyj, under Py, (A.4)
by continuous mapping theorem. By the definition in (13), decompose
i sup B [6n(he1,22)] < limsupEoy o [Har < po(h)}oun (b 1)
+li7131_>SO%PE00,7[H{@ > pn(h)}2n(h, €2)]

= Ty +1Ts.

We first consider the case of o < Pr{D;; = 1}. Let U be a U[0, 1] random variable indepen-
dently drawn from the data.
For T, note that
Ty < limsupPy,,{a < pn(h), e_h/j‘”Zn(O,ﬁ,"yn) >1+¢e}

n—o0

Hlim supPy P, o {a < pu(h), e > Z,(0, 7, 4n) € [1 = 21,1 + 1], U < o/pu(B)}

n—o0

S h—>m PHOW{B_FL/S\TLZH(O’ B?ﬁn) > 1 + 61}
+lirrisupPUP9077{e_ﬁ/A“Zn(O, E, ’7n) € [1 — €1, 1+ 51]7 U< a/pn(ﬁ)}
< lim Py {20 Z,(0, 1, 3) > 1+ 21}

+PylimsupPy,  {e " 2,0, b, 4n) € [1 — e1,1 + e1], pn(h) < a/U}
n—oo
(6%

Pr{Dy; =1}
= « (A.5)

< Pr{e M Z(0,h) > 1421} + Pr{e " Z(0,h) € [1 — 1,1 + &1}

where the first and second inequalities follow from the definition of ¢1n(ﬁ, 1) and set relations,
the third inequality follows from reverse Fatou’s Lemma, the fourth inequality the fact that
e "AZ(0,h) is continuous at 1+ £, (for the first term), and Portmanteau theorem (for the
second term) with the weak convergence
e/ 2,0, By An) e M2 7(0, 1)
_ Ay
Pn(h) Pr{Dy; =1}
and the equality follows from the definition e~/ Z (0,h) = Dy j, and the fact that D j, is binary
on {0,1}. For Ty, we have

) under Py, -,

T, < limsupPy, ,{a > pn(h)} =0, (A.6)
n—oo

where the first inequality follows from ¢g,(h,e2) < 1 and the equality follows from p,(h) N
Pr{Dyj = 1} and the condition a < Pr{Djj; = 1}. Combining these results, we obtain the

conclusion for the case of a < Pr{Dyj; = 1}.
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We next consider the case of a > Pr{D;;, = 1}. The similar argument to (A.6) yields T3 = 0.

For T5, the similar arguments as in (A.5) imply

Tp < limsupPy,{a > pn(h), e_E/X”Zn(O, h, %) > 2}
n—oo

HlimsupPy Py, o > pu(h), €3 Z,(0, 5 5) € [e2,22], U < (o = pa(B))/(1 = pu(R))}

n—o0

< lim Poy {0 Z,(0, 1, 3) > €2}
Him supPy Py {e " " Z,,(0, 1, 3n) € [—€2,€2], U < (@ — pn(h))/(1 — pn(R))}
n—oo
<

nh—{gopeoﬁ{e_h/)\nzn(ov E?"VYTL) > 52}

+ Py lim supPgoﬁ{e_E/j‘"Zn(O, h, %) € [—e2,62], U < (a0 — pn(h))/(1 _ﬁn(ﬁ))}

n—o0
a—Pr{Dy; =1}

< Pr{e "*Z(0,h) > e} + Pr{e "*Z(0,h) € [~e2, 2]}

= O[’
where the first and second inequalities follow from the definition of ¢o,(h,e2) and set relations,
the third inequality follows from reverse Fatou’s Lemma, the fourth inequality follows from the
fact that e=/*Z(0, h) is continuous at ey (for the first term), and Portmanteau theorem (for the

second term), and the equality follows from the definition e Az (0,h) = Dy j, and the fact that
Dy j, is binary on {0, 1}.

A.7.2. Proof of (ii). By the definition in (13), decompose

lim inonoJrﬁﬁ[gén(ﬁ,sl,Eg)] > lim infE90+ﬁ7,y[]I{a < pn(h)}p1n(h,e1)]

n—oo n—oo
Himint By o [{a > pa(h)}o2n(h, )]
=: T3+ 1Ty.

13
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We first consider the case of o < Pr{D;; = 1}. Let U be a U[0, 1] random variable indepen-
dently drawn from the data. For T3, observe that

>

Y

AV

v

hégigo}fp%-&-ﬂ,w{a < ﬁn(ﬁ)a e_ﬁ/j\"zn(oa f% Yn) > 1+er}

HimintPy Py, o < pa(h), € Z0(0,h,5) € [L = 21,1 +21), U < afpa(h)}

lim inf [Peo cr AT 20,0, 50) > 14 21}

n—oo

_P90+ﬂ,»y{a > ﬁn(il), eiﬁ/j\nzn(oa Ey;)/n) >1+ 51}}

Himint Py Py nfa < pa(h), e Z,(0,7,50) € [L =1, 1+ 21, U < a/pa(h)}
Tim Py n {e—wn Zn(hy b)) > (1 + €1) Zu(h, 0, %)} ~limsupFy, (o> pu(R))

HiminfPy Py n {a < pn(h),

ez (hy By A) € (1 — 1) Zn(hy 0,5m), (14 £1) Zn(h, 0,%)), U < a/pn(ﬁ)}

lim P90+%,’Y {e_h//\nzn(h7 Bv ’711) > (1 + El)Zn(hv 07 ;YTL)} — lim SupPBO—&—%,'y{a > ﬁn(ﬁ)}

n—oo n—oo

+PyliminfPy {a < pn(h),
e_ﬁ/j\nzn(ha ]_7’7;)/71) € (1 —=€1)Zn(h,0,%n), (1 +€1)Zn(h,0,%)), U < O‘/pn(}_l)}
Pr {e’ﬁ/’\Z(h, h) > (1+e1)Z(h, o)} )

a

S {eP2(h, h) € (1= )2 (1,0), (1 +£1)Z(h,0)) }

Pr{D,; =1,Dpo =1}
PT{DO,B =1}

Pr{D;; =1} = Pr{D;,, =1,Dppo =1} + «

L L
exp Zmin{Gj(h—ﬁ),O}//\j — exp Zmin{Gj(h—B),Gjh,O}/)\j

=1 =1
L
+aexp Z[min{Gj(h — h),G;h,0} — min{G;(—h),0}]/\;
j=1
L L
exp | Y min{G;(h —N),0}/X; | —exp | Y min{G,(h — h),G;h,0}/);
=1 j=1
L
+a exp Zmin{Gjhmax{Gj,O}ﬁ}/)\j : (A.7)
j=1

where the first inequality follows from the definition of ¢1,(h,e1), the first equality and the

second inequality follow from set relations, the third inequality follows from Fatou’s Lemma,
the fourth inequality the fact that e "/*Z(h, h)/Z(h,0) is continuous at 1 + e (for the first
term), pn(h) = Pr{D,; = 1} and the condition o < Pr{Dyj, = 1} (for the second term) and

14



Portmanteau theorem (for the third term) with the weak convergence

e~/ 72, (h, ) e~ Z(h, h)
Zn(h707:yn) ~ Z(h70) under P00+ﬂ775
pn(ﬁ) Pr{DO,E =1}

the second equality follows from the definition e~hA g (h,h) = D), j, and the fact that D), ; and
Dy, o are binary on {0, 1}, the third equality follows from

L
Pr{D),; =1,Dho=1} = []Pr{Wh; > max{G;h,0}}
j=1
L o0
=TI ep = G/
j=1 max{G;h,0,G;h}

L
— H exp (—(maX{GjB,O, Gjh} — Gjh)/)‘j)
j=1

L
= exp [ Y min{G;(h—h),G;h,0}/X; |, (A.8)
Jj=1

and the fourth equality follows by
min{G;(h — h),G;h,0} — min{G;(—h),0}
min{G;(h — h),0} + Gjh = min{G;h,G;jh} when G; >0
= 450 when G; =0
min{G;(h — h),G;h,0} = G;h when G; <0
= min{G;h, max{G;,0}h}.

x For Ty, we clearly have Ty > 0. Combining these results, we conclude for the case of a@ <
Pr{D07E == 1}.
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Next, we consider the case of a > Pr{DOJL = 1}. For T3, we have T3 > 0. For T}, similar

arguments as in (A.7) imply

T

>

v

v

v

hégigo}fp%-&-ﬂ,w{a > ﬁn(ﬁ)a e_E/A"Zn(Oa B/VVH) > 52}

Himinf Py Py o {a > pa(h), e 2,0, 4) € [~e2,22], U < (@ = pu(B))/(1 = Bu(R))}

lim inf {PQW%W{e—h/)mZn(O, hy3n) > €2} — P‘90+%’7{a < pu(h), €2 Z,(0, h, 3y) > €3}

+liminf Py Py o _{a> pu(h), e Z,(0,h,4n) € [=e2,65], U < (@ = pa(R))/(1 = pu(R)}

lim Py o {7 Zu(h o 50) > 222 (B, 0,50) |~ limsupPy a_{or < pa(h)}

n—oo n—0o0

Himinf PPy {a > pa(h),

e_ﬁ/j\n Zn(h> ]_17 ;Yn) € (_622n(h7 07 7”)? EQZTL(hv 07 ;Yn))> U< (a - ﬁn(ﬁ))/(l - ﬁn(E’))}

lim Py o {72 Zy(h B 0) > 2220 (h,0,5,) } —limsupP, o _{o < pu(h)}
n’ n—o0 n’

00
+PylimintPy n {a> pa(h),
e Mz (hyhyAn) € (—e2Zn(h, 0,%m), £2Zn (R, 0,70)), U < (& — pn(R))/(1 — ﬁn(ﬁ))}
Pr {e_ﬁ/’\Z(h, h) > e Z(h, 0)} —0
o — Pr{DOJL =1}
1 —Pr{Dy; =1}

Pr{e " Z(h h) € (~e22(h,0),222(h,0))}

Pr{D,; =1} + (Pr{Dpno =1} = Pr{Dy;, =1, Do = 1})

L
exp Zmin{Gj(h —h),0}/,

j=1
a — exp (Zle min{G;(—h), 0}/)‘j>
1 —exp (Ele min{G;(—h), 0}/)‘1')

+

L L
x exp | Y min{G;h,0}/A; | —exp [ > min{G;(h—h),G;h,0}/X; | ¢,
j=1 j=1

where the first inequality follows from the definition of ¢o,, (h, €2), the first equality and the second

inequality follow from set relations, the third inequality follows from Fatou’s Lemma, the fourth
inequality the fact that e="/*Z(h, h)/Z(h,0) is continuous at e (for the first term), p,(h) %
Pr{Dyj = 1} and the condition a > Pr{D,j = 1} (for the second term) and Portmanteau
theorem (for the third term), the second equality follows from the definition e Az (h,h) = Dy 1,
and the fact that Dy, ;, and Dj, ¢ are binary on {0, 1}, the third equality follows from (A.8)

A.7.3. Proof of (iii). In this proof, let P,{-} and E}[:] be the probability and the expectation
under fy(w|h) = Hle Jw,; (wj|h, ), and define a(k) = Po{fw (W|h) > kfuw (W]0)}. Pick any
a € (0,1) and let ko be such that a(ky) < o < a(kp — 0). Then the Neyman-Pearson test is

16



defined as

1 it fw(W1h) > ko fw (W|0)
SW) =1 cpegls it fw(WIh) = ko fw (W]0)
0 it fw (Wh) < kofw (W]0)

Note that this test satisfies Ep[¢(W)] = «. By Neyman-Pearson lemma, this test is most
powerful. Letting Z(h, h) = e(h=")/* H]L:1 I{w; > G;h}, observe that

w(Wh) Z ko fw (W10) if and only if Z(h,h) = koZ(h,0).

Thus, ¢(W) can be alternatively written as

1 if Z(h,h) > koZ(h,0)
_ a—a(ko) . T I\ -
W) =\ alo-0-aty I Z(hh)="koZ(h,0)
0 if Z(h,h) < koZ(h,0)
By computing kg and ﬁ% for the each case, ¢(W) becomes
1 it Z(h,h) > e Z(h,0)
m if Z(h,h)= h/AZ(ﬁ, 0) for a < Pr{Dy; =1}
0 it Z(h,h) < e"*Z(h,0)
pW) = o _
1 if Z(h,h)>0-Z(h,0)
a—Pr{DO’;Lzl} . T TN — o
Wg}]—l} if Z(h, h) =0- Z(h, 0) for a > Pr{DO,h = 1}
| 0 if Z(h,h) <0-Z(h,0)

For this test, we now compute the power function II(k) = [ ¢(w)dP;(w). Hereafter, we rely
on the assumption G; > 0 for all j. We can simplify

L

Pr{Dyj =1} = exp (Z min{G;(—h),0}/\; ) eh/A

j=1

When a < Pr{D,;, = 1}, it holds

() = Pr {Z(ﬁ,ﬁ) > e’_“‘/AZ(B,O)} + - eB/AZ(ﬁ,O)}

D =T {Z(ﬁ, R)

o
= PT{D}’Z’B = 1,DE70 = 0} + mPf{th 1 DhO = 1}
Pr{Dj =1}
= PrlDL =0 ety

exp (Zle min{Gj/_z, 0}/)\j)
exp (1, min{G;(<h), 0}/

L
= 1—exp (Z min{Gh, 0}/)\j) +a
j=1

7=1

L
= «exp (ZGﬂh/)‘ ) = ael?,
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and

L L
mr(h,h) = exp (Z min{G;(h — h),@}/xj) — exp (Z min{G;(h — h),O}/)\j>

j=1 j=1

L
+a exp (Z min{Gjh, Gjh}/)\])

j=1

L
= aexp (Z Gj min{h, h}/)\j) — qemin{h.h}/x

j=1
Also when a > Pr{D,j, = 1}, we have
— Pr{Dy; =1}
1= Pr{Dyjs =1}
o — Pr{DO’h =1}

= Pr{D;z =1
&u* 1-Pr{Dy; = 1}
=1 =0

M(h) = Pr{Z(hh)>0}+ Pr{Z(h,h) =0}

Pr{Dj,;, = 0,D =1}

= 1,

and

L
mr(h,h) = exp (Z min{G;(h — h),O}/)\j)

j=1

a—eX L— Gjﬁ Aj - h
p( Z]—l _/ ) {1 — exp (Z min{G;(h — h),O}/)\j> }

1 — exp Zle Gjh/)\j> j=1

S
-

—exp (-4, GjB/Aj) L )
- 1 — min { ex Gij(h—=h)/A;|,1
1 —exp (- Y0, Gjh/)\j) { { ’ (; j j) }}

a — exp (— ijl Gjﬁ/)‘J)
1 —exp (— Zle Gjh/)‘j>

L
11—«
+ min ¢ ex E Gj(h —h)/\; —
{ P(Jl i ) }1exp(z§1c:jh/xj)

Therefore, the equality II(h) = 71(h, h) and the inequality I1(k) > 71 (h, h) for any h,h > 0
hold.
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A.8. Proof of Theorem 4. Note that e~ Pi/*n = o = ¢=h"/A, Also, under the assumption
G; > 0 for all 7,

L —
(b)) = exp Zmin{—Gth, 0}/ Anj | = et /An = o=HF/X
j=1

Thus, Lemma 4 still remains to be valid with h = ﬁ;; by Lemma 3. The remaining part of the

proof is almost the same as the one for Theorem 1.

A.9. Proof of Lemma 5.

A.9.1. Proof of (i). By a similar argument to the proof of Lemma 4 (i), we have

lim supFEp, ~[¢n (b, €)]
n—oo
— 1 _FL/j\n L X
= lgn Py, 1{e Zn(0,h,4,) > 1+¢€}

Him supPy Py {e " " 2,0, 7, 3n) € [1 — &, 1 + ], U < a/pn(R)}

n—oo

IN

. —h/An T
nl;rgoP9077{e Zn(0,h, %) >1+¢€}
+PylimsupPy, o {e " " Z,(0, h,4n) € [1 — &, 1 +¢], U < a/pn(R)}
n—oo

< Pr{e"Z(0,h) > 1+¢e} + Pr{e"*Z(0,h) € [l —,1 +¢]}

>
= OZ,

where the first equality from the definition of ¢, (h,¢), the first inequality follows from reverse
Fatou’s Lemma, the second inequality the fact that e Az (0, h) is continuous at 1 + ¢ (for the
first term), and Portmanteau theorem (for the second term), and the second equality follows
from the definition e~*/*Z(0,h) = Dy j, and the fact that Dy j is binary on {0, 1}.
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A.9.2. Proof of (ii). By a similar argument to the proof of Lemma 4 (ii), we have
1glﬂl)gfpgo+%’v{¢n(ﬁ, e)}

= lim P, W{e_E/S‘"Zn(O, h,4n) > 1+ €}

h
n—oo Yoty

+hni>ianUP9 L {eiﬁ/j\nZn(O’ B,’V)/n) €[l—¢1+¢,U< a/ﬁn(ﬁ)}

> tim Py o e Zo(h by ) > (1+€) Za(h, 0,50))

+HiminfPy Py, n AT 2 (b, by ) € (1= €) Zn(h,0,9n), (1 +€) Zn(h, 0,5n)). U < o/pn(h)}
> tim Py a0 Zo(h by ) > (1+€) Za(h, 0,50))

+Ptimint Py n (e Z, (R, ) € (1= £)Za(R,0,50), (1+ ) Zn(,0,40)), U < a/pu(R)}
> Pr{e‘h/’\Z(h,h) > (1 +5)Z(h,0)}

(%

TBiDyr=1) {e7M2(h,h) € (1= 2)Z(h,0), (1+2)Z(h,0)) }

Pr{D; 5 =1,Dp0 =1}
Pr{D,; = 1}

= Pr{D,; =1} =Pr{D,; = 1,Dpo =1} +

L L
= exp | > min{G;(h—h),0}/A; | —exp | > min{G;(h—h),G;h,0}/);
Jj=1 j=1

L
+aexp me{G h —h),Gjh,0} — min{G;(—h),0}]/),

Jj=1

L L
= exp (Z min{G;(h — h), 0}/Aj) — exp (Z min{G;(h — h),G;h,0} /Aj>

j=1 7=1

L
+aexp Z min{G,;h, min{G;,0}h}/A; | ,
j=1

where the first equality follows from the definition of ¢, (h,¢), the first inequality follow from
set relations, the second inequality follows from Fatou’s Lemma, the third inequality the fact
that e""*Z(h,h)/Z(h,0) is continuous at 1+ ¢ (for the first term), and Portmanteau theorem
(for the second term), the second equality follows from the definition e **Z(h, h) = Dy, j, and
the fact that Dy, ; and Dp, g are binary on {0, 1}, the third equality follows from (A.8), and the
fourth equality follows by
min{G;(h — h), G;h,0} — min{G,(—h), 0}
min{G;(h — h),G;h} = G;h when G; > 0
= 40 when G; =0
min{G;(h — h),0} — G;(—h) = min{G,h,G;h} when G; <0
= min{G;h, min{G;,0}h}.
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A.9.3. Proof of (iii). By a similar argument to the proof of Lemma 4 (iii), Neyman-Pearson

lemma implies that

1 it Z(h,h) > e"*Z(h,0)
0 it Z(h,h) < e"*Z(h,0)

is the most powerful test. Under the assumption G; > 0 for all j, its power is obtained as

o N 7y a N ) P
n(h) = Pr{z(hh)> " 2Z(h,0)} + B =T {Z(h, B) =" 2(h,0)}
(6%
Pr{Dy = 1}
= Pr{D;,=0}+a——tr 0"
{ o J Pr {DOh =1}

P exp (S0, min{G; (=h), 0}/, )

L - exp (S°F min{G;h,0}/),

= 1—exp (Zmin{Gjh,O}/)\j +a ( e ’ j)
L L

= 1l—exp ZGjﬁ/)\j + acexp ZG’jl_z/Aj

j=1 j=1
= a)eh/)‘
Also,
B L ~ L
mr(hh) = exp [ > min{G;(h—h),0}/\; | —exp | D G;h/);
j=1 j=

L
+aexp Z Gih/\;

Jj=1

L L
= min< exp ZGj(h—fL)/)\j 1 —(1—a)exp ZGjh//\j
=1 =1
= min{ (h=R)/2 1} — (1 —a)V
Thus, the equality II(h) = 71,(h, h) and the inequality I1(h) > 7z (h, k) for any h,h > 0 hold.

A.10. Proof of Theorem 5. Unlike A, the value & is non-random. The proof is almost the

same as the one for Theorem 2.

APPENDIX B. ADDITIONAL SIMULATIONS

We will show additional simulations. The basic simulation setting is the same as Figure 1 in
Section 4 unless we give specific explanations. First, we check the sensitivity of power curves on
a user specified value h and a tuning parameter ¢.

In Figure B.1, we draw power curves of the NLR tests ¢, (Y” | h,e = 0.5) for testing positive
alternatives Hy" : h > 0 with h € {0,1,5,7} (upper panel) and testing negative alternatives
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H{ : h <0 with h € {0,—1,—5,—7} (lower panel). The solid line is the power envelope II(h).
For testing H1+, power curves are below the envelope with every h € {0, 1,5, 7}, while the power
curves almost coincide with the envelope under the choice of h = h* (~ 3.754 in this simulation
setup) as we confirmed in Figure 1. For testing H; , the power curves almost coincide with the

envelope and are insensitive to the choice of h.

=~ 0.5,n — 200,h— [0,1,5,7]

0.8

0.6

Power

0.4

0.2

h
£=0.5,n=200h=[-7, —5 —1,0]

10

L )
— — — — LRT(h= —1)
— — — — LRT(h=0)

0.8

0.6

Power

0.4

02

-10.0 -75 -5.0 -25 0.0
h

FIGURE B.1. Power curves of NLR test for testing H{ : h > 0 (upper panel) and
H; : h <0 (lower panel) with h € {0,£1,+5,£7} and ¢ = 0.5

In Section 4, we find that moderate or large ¢ attains high power of ¢,(Y"|h',¢) for testing
positive alternatives H1+ : h > 0. However, for h # h* ~ 3.754, the choice of ¢ is not trivial.
Figure B.2 shows the power curves of the NLR tests when h = 3.7 (upper panel) and when
h = 3.8 (lower panel) for testing positive alternatives H 1+ : h > 0. We plot the power curves for
different values of the tuning constant £ € {0,0.2,0.5,0.9,0.9999} along with the power envelope
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II(h). Recall that h' satisfies e ""/X = o, These results imply that larger € is preferable when

a < e A while smaller ¢ is preferable when a > e"/A. That is, the power increases as ¢

approaches to 1 for (5) or approaches to 0 for (6).

& = [0.0,01,0.5,0.9,0.9999], n = 200, & = 3.7

Power
°
I
e

5.0 7.5 10.0

Power

0.0 25 5.0 75 10.0
h

FIGURE B.2. Power curves of NLR test for testing H1+ :h > 0 under h = 3.7
(upper panel) and under i = 3.8 (lower panel) with ¢ € {0,0.2,0.5,0.9,0.9999}

Next, we check the convergence behaviors of power curves to the envelope as n becomes
large. To check the effect of the sample size n, we draw power curves for different sample sizes
n = {100, 200, 500, 100, 1000} along with the power envelope II(h).

Figure B.3 shows the power curves of the NLR tests ¢, (Y"|h',¢) for testing positive alterna-
tives H;” : h > 0 with ¢ = 0.1 (upper panel) and ¢ = 0 (lower panel). For the purpose of making
convergence easier to see, we intentionally use small values of €. The figure implies that when

we use ¢ = 0.1, the power curves converge to the envelope as n becomes larger. On the other

23



hand, when € = 0, power curves do not converge to the envelope even under large sample sizes,
such as n = 10000. We confirm that the existence of randomization (¢ > 0) is important for the

convergence results.

£ = 0.1, n = [100, 200, 500, 1000, 10000], 7 = 1

LRT
n = 10000)

0.8

06

Power

0.4

0.0 25 5.0 75 10.0
h
& =0, n = [100, 200, 500, 1000, 10000), 7 = 1

Power
=
&
Z

0.0 25 5.0 75 10.0
h

FIGURE B.3. Power curves of NLR test for testing H;” : h > 0 under £ = 0.1

(upper panel) and under ¢ = 0 (lower panel) with h = hT and n €
{100, 200, 500, 100, 1000}

Figure B.4 show the power curves of the NLR tests ¢, (Y™ |h, ) for testing negative alternatives
H{ : h < 0 under ¢ = 0.01 (upper panel) and under ¢ = 0 (lower panel) with h = h_ (0.5).
For the purpose of making convergence easier to see, we intentionally use a non-optimal h. The
figure implies that when we use ¢ = 0.01, the power curves converge to the envelope as n becomes
larger. On the other hand, when € = 0, power curves do not converge to the envelope even under

large sample sizes.
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e = 0.01,n = [100, 200, 500, 1000, 10000}, # = 0.5

LR )
— — — — LRT(n= 1000)
— — — —  LRT(n = 10000)

08

06

Power

0.4

-10.0 -75 -5.0 -25 0.0

h
& = 0,n = [100, 200, 500, 1000, 10000, 7 = 0.5

)
n = 1000)
— — — — LRT (n= 10000)

0.8

06

Power

0.4

-10.0 -7.5 -5.0 -25 0.0
h

FIGURE B.4. Power curves of NLR test for testing H; : h < 0 under € = 0.01

(upper panel) and under ¢ = 0 (lower panel) with A = h_(0.5) and n €
{100, 200, 500, 100, 1000}
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